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✍内容

∂u

∂x
= 2x ln(x2 + y2) +

2x3

x2 + y2

∂u

∂y
=

2x2y

x2 + y2

∂u

∂x
=

1

1 + y2/x2
(−

y

x2
) = −

y

x2 + y2

∂u

∂y
=

1

x
⋅

1

1 + y2/x2
=

x

x2 + y2

∂u

∂x
= yxy−1 + yx ln y

∂u

∂y
= xy lnx + xyx−1



∂f

∂x
(0, 0) = lim

x→0

f(x, 0) − f(0, 0)

x
= 0

∂f

∂y
(0, 0) = lim

y→0

f(0, y) − f(0, 0)

y
= lim

y→0

y sin(1/y2) − 0

y
不存在





4 (2)

du = (eyz − e−x)dx + (xzeyz + 1)dy + (xyeyz)dz

5 (2)

du =
1

x + y2
dx +

2y

x + y2
dy

5 (4)

du = uxdx + uydy

在 (0, 1) 处，

ux(0, 1) = lim
Δx→0

u(Δx, 1) − u(0, 1)

Δx
= lim

Δx→0

Δx

Δx
= 1

uy(0, 1) = lim
Δy→0

u(0, 1 + Δy) − u(0, 1)

Δy
= lim

Δy→0

0 − 0

Δy
= 0

于是

du = dx

7

|f(x, y)| =
x2y

x2 + y2
≤

x2y

2|xy|
≤

x

2
→ 0(as (x, y) → (0, 0))

故 f 在 (0, 0) 连续

lim
Δx→0

f(Δx, 0) − f(0, 0)

Δx
= lim

Δx→0

0 − 0

Δx
= 0存在

lim
Δy→0

f(0, Δy) − f(0, 0)

Δy
= lim

Δy→0

0 − 0

Δy
= 0存在

故 f 在 (0, 0) 处偏导数存在

f(Δx, Δy) − f(0, 0) − 0 ⋅ Δx − 0 ⋅ Δy =
(Δx)2 ⋅ Δy

(Δx)2 + (Δy)2

记 ρ = √(Δx)2 + (Δy)2，令 Δx = kΔy 则

du|(x,y)=(0,1) = dx + 2dy

du|(x,y)=(1,1) =
1

2
dx + dy∣ ∣ ∣ ∣ ∣ ∣



lim
ρ→0

(Δx)2 ⋅ Δy

(Δx)2 + (Δy)2
⋅

1

√(Δx)2 + (Δy)2
= lim

Δy→0

k2(Δy)3

(1 + k2)3/2 ⋅ (Δy)3
=

k2

(1 + k2)3/2
可取k使得非零

于是

f(Δx, Δy) − f(0, 0) − 0 ⋅ Δx − 0 ⋅ Δy =
(Δx)2 ⋅ Δy

(Δx)2 + (Δy)2
≠ o(ρ)

故 f 在 (0, 0) 处不可微

8

在 (x, y) ≠ (0, 0) 处，f 显然偏导数存在

fx(x, y) = −
2x cos [ 1

x2+y2 ]

x2 + y2
+ 2x sin [ 1

x2 + y2
]

fy(x, y) = −
2y cos [ 1

x2+y2 ]

x2 + y2
+ 2y sin [ 1

x2 + y2
]

在 (x, y) = (0, 0) 处

fx(0, 0) = lim
Δx→0

f(Δx, 0) − f(0, 0)

Δx
= lim

Δx→0

(Δx)2 sin 1
(Δx)2

Δx
= 0

但

fx(x, 0) = −
2 cos(1/x2)

x
+ 2x sin(1/x2) → ∞(as x → 0)

fy(0, 0) = lim
Δy→0

f(0, Δy) − f(0, 0)

Δy
= lim

Δy→0

(Δy)2 sin 1
(Δy)2

Δy
= 0

但

fy(y, 0) = −
2 cos(1/y2)

y
+ 2y sin(1/y2) → ∞(as y → 0)

故 f 偏导数在 R × R 上存在，但是在 (0, 0) 处不连续，且在 (0, 0) 的任何邻域中无界。

下面考察 f 在 (0, 0) 处的可微性

f(Δx, Δy) − f(0, 0) + fx(0, 0)Δx + fy(0, 0)Δy = ((Δx)2 + (Δy)2) sin
1

(Δx)2 + (Δy)2

记 ρ = √(Δx)2 + (Δy)2，则

lim
ρ→0

ρ2 sin 1
ρ2

ρ
= 0

故 f 在 (0, 0) 处可微

10

(x, y) → (0, 0) 时

lim
(x,y)→(0,0)

1 − ex(x2+y2)

x2 + y2
= lim

(x,y)→(0,0)

x(x2 + y2)

x2 + y2
= 0



于是 f 在 (0, 0) 处连续

fx(0, 0) = lim
x→0

f(x, 0) − f(0, 0)

x
= lim

x→0

1 − ex
3

x3
= −1

fy(0, 0) = lim
y→0

f(0, y) − f(0, 0)

y
= lim

y→0

0 − 0

y
= 0

记 ρ = √x2 + y2，则

lim
ρ→0

f(x, y) − fx(0, 0)x − fy(0, 0)y − f(0, 0)

√x2 + y2
= lim

ρ→0

1 + x(x2 + y2) − ex(x2+y2)

(x2 + y2)3/2
= lim

ρ→0

o(ρ2)

ρ3/2
= 0

故 f 在 (0,0) 处可微

df = fxdx + fydy

df(0, 0) = fx(0, 0)dx + fy(0, 0)dy = −dx

12（2）

记 f(x, y) = arctan
x + y

1 + xy
，显然 f 可微，则

于是在 |x|, |y| 很小的时候

14

Proof:

令 (x, y) → (x0, y0) ，则

于是 f 在 (x0, y0) 处可微。

fx =
1 − y2

1 + 4xy + y2 + x2 + x2y2

fy =
1 − x2

1 + 4xy + y2 + x2 + x2y2

f(x, y) = f(0, 0) + fx(0, 0)x + fy(0, 0)y + o(√x2 + y2)

= x + y + o(√x2 + y2)

f(x, y) − f(x0, y0) −
∂f

∂x
(x0, y0) ⋅ (x − x0) −

∂f

∂y
(x0, y0) ⋅ (y − y0)

=[f(x, y) − f(x, y0) −
∂f

∂y
(x0, y0) ⋅ (y − y0)] + [f(x, y0) − f(x0, y0) −

∂f

∂x
(x0, y0) ⋅ (x − x0)]

=[ ∂f

∂y
(x, y0) ⋅ (y − y0) −

∂f

∂y
(x0, y0) ⋅ (y − y0)] + o(|x − x0|) + o(|y − y0|)

=o(1) + o(|x − x0|) + o(|y − y0|)

=o(√(x − x0)2 + (y − y0)2)



15 (1)

15 (4)

∂u

∂x
=

1

√x2 + y2
⋅

x

√x2 + y2
=

x

x2 + y2

∂u

∂y
=

y

x2 + y2

∂ 2u

∂x2
=

1

x2 + y2
−

2x2

(x2 + y2)2
=

y2 − x2

(x2 + y2)2

∂ 2u

∂y2
=

x2 − y2

(x2 + y2)2

∂ 2u

∂x∂y
=

∂ 2u

∂y∂x
=

−2xy

(x2 + y2)2



16 (3)

19

Proof:

不妨设 (x0, y0) = (0, 0)，考虑 (0, 0) 的邻域 U 中 fx, fy 存在且在 (0, 0) 处可微，故对于 (x, y) ∈ U，(x, y) → (0, 0) 时

∂u

∂x
= yexy

∂u

∂y
= xexy

∂ 2u

∂x2
= y2exy

∂ 2u

∂y2
= x2exy

∂ 2u

∂x∂y
=

∂xexy

∂x
= exy + xyexy = (1 + xy)exy

∂ 2u

∂y∂x
= (1 + xy)exy

∂u

∂x
= 2x cos(x2 + y2)

∂ 2u

∂x2
= 2 cos(x2 + y2) − 4x2 sin(x2 + y2)

∂ 3u

∂x3
= −4x sin(x2 + y2) − 8x sin(x2 + y2) − 8x3 cos(x2 + y2)

∂u

∂y
= 2y cos(x2 + y2)

∂ 2u

∂y2
= 2 cos(x2 + y2) − 4y2 sin(x2 + y2)

∂ 3u

∂y3
= −4y sin(x2 + y2) − 8y sin(x2 + y2) − 8y3 cos(x2 + y2)

fxy(0, 0) = lim
y→0

fx(0, y) − fx(0, 0)

y

= lim
x→0

lim
y→0

f(x, y) − f(0, y) − f(x, 0) − f(0, 0)

xy

= lim
x→0

lim
y→0

[f(x, y) − f(x, 0)] − [f(0, y) − f(0, 0)]

xy

= lim
x→0

lim
y→0

fy(x, ξ1(x) ⋅ y) − fy(0, ξ2 ⋅ y)

x
微分中值定理，其中

关于x的函数

ξ1(x) ,

常数

ξ2 ∈ [0, 1]

= lim
x→0

lim
y→0

[fy(0, 0) + fyx(0, 0)x + fyy(0, 0) ⋅ ξ1(x)y + o(√x2 + ξ2
1(x)y2)] − [fy(0, 0) + fyx(0, 0) ⋅ 0 + fyy(0, 0)

x

= lim
x→0

lim
y→0

fyx(0, 0)x + fyy(0, 0) ⋅ [ξ1(x) − ξ2] ⋅ y + o(√x2 + ξ2
1(x)y2) + o(|y|)

x

= lim
x→0

fyx(0, 0) ⋅ x + o(|x|)

x
= fyx(0, 0)

 



1（5）

1（6）

∂u

∂x
= 2xf ′(x2 + y2 + z2)

∂u

∂y
= 2yf(x2 + y2 + z2)

∂u

∂z
= 2zf(x2 + y2 + z2)

∂ 2u

∂x2
= 4x2f ′′(x2 + y2 + z2) + 2f ′(x2 + y2 + z2)

∂ 2u

∂y2
= 4y2f ′′(x2 + y2 + z2) + 2f ′(x2 + y2 + z2)

∂ 2u

∂z2
= 4z2f ′′(x2 + y2 + z2) + 2f ′(x2 + y2 + z2)

∂ 2u

∂x∂y
=

∂ 2u

∂y∂x
= 4xyf ′′(x2 + y2 + z2)

∂ 2u

∂z∂y
=

∂ 2u

∂y∂z
= 4yzf ′′(x2 + y2 + z2)

∂ 2u

∂x∂z
=

∂ 2u

∂z∂x
= 4xzf ′′(x2 + y2 + z2)



2

∂z

∂x
=

∂
y

f(x2−y2)

∂x
= y

∂ 1
f(x2−y2)

∂f(x2 − y2)

∂f(x2 − y2)

∂(x2 − y2)

∂(x2 − y2)

∂x
= −

2xyf ′(x2 − y2)

f 2(x2 − y2)

∂z

∂y
=

∂
y

f(x2−y2)

∂y
=

1

f(x2 − y2)
+ y

∂ 1
f(x2−y2)

∂f(x2 − y2)

∂f(x2 − y2)

∂(x2 − y2)

∂(x2 − y2)

∂y
=

1

f(x2 − y2)
+

2y2f ′(x2 − y2)

f 2(x2 − y2)

于是

5（2）

于是

y
∂u

∂x
+ x

∂u

∂y
= 2xy2φ′(x2 − y2) + xφ(x2 − y2) − 2x2φ′(x2 − y2) = xφ(x2 − y2) =

xu

y

∂u

∂x
= f1 (x + y,xy,

x

y
) + yf2 (x + y,xy,

x

y
) +

1

y
f3 (x + y,xy,

x

y
)

∂u

∂y
= f1 (x + y,xy,

x

y
) + xf2 (x + y,xy,

x

y
) −

x

y2
f3 (x + y,xy,

x

y
)

∂ 2u

∂x2
= f11 + yf12 +

1

y
f13 + yf21 + y2f22 + f23 +

1

y
f31 + f32 +

1

y2
f33

∂ 2u

∂x∂y
= f11 + xf12 −

x

y2
f13 + yf21 + xyf22 −

x

y
f23 +

1

y
f31 +

x

y
f32 −

x

y3
f33

∂ 2u

∂y∂x
= f11 + yf12 +

1

y
f13 + f2 + xf21 + xyf22 +

x

y
f23 −

1

y2
f3 −

x

y2
f31 −

x

y
f32 −

x

y3
f33

∂ 2u

∂y2
= f11 + xf12 −

x

y2
f13 + xf21 + x2f22 −

x2

y2
f23 +

2x

y3
f3 −

x

y2
f31 −

x2

y2
f32 +

x2

y4
f33

1

x

∂z

∂x
+

1

y

∂z

∂y
= −

2yf ′(x2 − y2)

f 2(x2 − y2)
+

1

yf(x2 − y2)
+

2yf ′(x2 − y2)

f 2(x2 − y2)
=

1

yf(x2 − y2)
=

z

y2

∂u

∂x
=

∂yφ(x2 − y2)

∂x
= 2xyφ′(x2 − y2)

∂u

∂y
=

∂yφ(x2 − y2)

∂y
= φ(x2 − y2) − 2y2φ′(x2 − y2)


