W-’—‘—ft&r—‘i&u—f(a y), & x =rcosf, y = rsiné.

6;
) & 2 O,
(2) JEB] Vu = g—:eT + = ! dueg HF e, ATHAR r FERILEE, e ATR
meﬁ@%iﬁ@gﬁwm:(f%%:(i’%
. Jun2 1 soun?

N D wus w ruu s PN
\sa.%xm;rﬁ; 3 a < |z| < b(EF 2 € R™) L8B3k f(x) FRABKRMIREL
RBEEE, e RAELLTREEA (a,b) L89B o ERL f(z) = o(r), LT
r=lz| € (a,b). 1BIK ¢ £ (a,b) L&THORE, 2126 B f(x) = o(r) FEIF A
’F‘QQTE‘
(1) f(x) RFAHBRIK a < |z < b La§TH0H5, B

Vi) =¢'(r)=, ¥r=lal € (ab);

(2) %(ar) @' (r), TR —( ) £ f(x) X T2 e, :% ERIEE &
(3) HERE a < |zo| <b 7‘Fa4£f:£rﬁ‘?.si wo BB EAEE T L (2o —0), B

\10./19)%: o RFe s FBA T P RE &N BEMRFE F, (ny) (0= 1,2,--- ,m)
AR 0 LEET I F(r,y) SEANBEE y X T o THL DA 69 18 5
f(z) & B(xo,r) ETHL,
11. 1% f R—ATHREBE, F L ATHEK. IR PT4 612 R 725 E 618
m&@iﬁr%%t
\)/—+b— =1, EF u AEFA Flr —au,y — bu) = 0 #Z 49 H 3L

M:Q—gf—u )g—+2ryg =2pu, XF u AEFTH 22+ 4% +u? *yf( ) H

R R K

1\2/(5. F(:L',y,z);%_ﬂ' QC R P THORE, HAEE (2, y, 2) e QFH Fo(2,y, 2) #
0, Fy(I,y,Z)%Oﬁqu(rﬁ,y,Z) 7£ 0. /\ T = .I:(y,Z), y= y(m,z) ﬁﬂ z = Z(I:y) 7!‘7 ®
FAL Flx,y,z) = 0 #EAF2HEL LEY:



Ou _ 0f(zy) _ 0f(z.y) 9z, 0f(zy) 0 )
7'(1)07: - f((;y) - fézzy)ai: + féﬂ;y)(% =D, f(z,y)cosb + D, f (z,y)sinf
Ou _ 9f(x, f(z,y) 8z df(zy) d )

%~ fézgy) - f((;;y) 50" féz,y) 5 = Dif @y)rsind + Daf (z,y)rcosd

vy = U 10u Ou(zy)  10u(-yx)
7.(2)Check.Vu—Ee,+;a—e,,fa P R

Vu=Vf(z.y)=(D:f(z.y).D: f (z,))

Ou (z,) + 10u (~y,z) _ du (rcosb,rsinf) 4 1 du (- rsind,rcosf)
or r rod r  Or r r 90 r

(reosf,rsind)

= (D, f(z,y)cosf + D, f(x,y)sinf) 4

+ % (= D f(z,y)rsind + D, f (z,y)rcosf)
=(D: f(z,y)cos?0 + D. f (z,y)sinfcosd + D, f (z,y)sin?0 — D, f (z,y)sinfcosb, D, f (z,y)sinfcosb + D, f (z,y)sin?0 — D, f (z,y)sind cos + D; f (z,y) cos*6)
=(D:f(z,9), D f (z,y)) = Vu.O)

7.(3)Check: [Vu|* = (%)2 + % (%)2
[Vul* =[(Dyf (2,9),Ds f (,9))|* = (D1 f (2,9))* +[Ds f (2,9)]*

(%) + % (%) =(Dyf(z,y)cos8 + Ds f (z,y)sind) > + # (- Dy (@,y)rsind + Dy f (z,y)reos6)

=D f(z,9))* +[Daf (z,9)]* = Vul*.0O.



9. Fa<l|zl<bhcR™#%T0,%

Fat W)~ 1@~ () 2 bzt B~ ez~ () 2 B

=lo(le+ hl)—o(le)) — ' () (l -+ bl —|2])] +

wr)(mm—\m\)w'(r)%-h\

4

=o(lz+h|—lzl)+[e ()] ‘\a:Jrh\f\m\— ol -h‘
— ! T
=o(lh) +l¢' (M||lz -+ h|— |z — h
z ‘\m+h\f\m\7%.h‘
R332l bl ol — % | o(Ihl). ¥ lim -
|| Bl 0 |h|

La = (2, 2,) b = (b, )

x 2. 2 2 .. 2 T+t z,h,
%%‘\w+h\f\m\f—-h‘:\/(w1+h1) B R e R = e

||

k| VhE+-+h2

2z h+ -+ 22, h + AP+ R omby e 2 he
Va 1)+ + @t h) Ve el Vet ok

Vhi A+t

Qb+ 4 28 + B2+ + B2)V 2R+ 82— (@bt + Boha) [V@ )+ @ b)Y+ a2
VR 2ol F a2 V(@ h) >+ + @+ ha) Va2

zihy + -+ 2@ by + BE + e+ B2V 2E + 2k — (@b @ohy) (2028 + o 2k VRE -+ h2)

<
B 2Vhi+ -+ R (el 4+ k)
(h2+ -+ RVl + -+ 32 — (@ + -+ b)) VAE+ - + B2 ‘

BE+ R (@f -t a2)

VhEt 2V e+ + 32— (@ + -+ 3h)
2zt +22)

hi + -+ hp sh+ -+ x,h
_ B
RN Ee + DI — 0(as |h| —0)
FR| @+~ 1@~ )5 -h\:ow»\)

FR (@) Ea<|zl<b LT, AV(Z)=¢ (r) %.m

9.(2) Check: % ()= (r)

L e ACE 3
-

U @)=vi@ e =¢®Z 2 = gm0
9.(39)Check: 7 (@) =0, %P L Le,.

%(@)):Vf(wo)'l:@l(?“)% ~l:<p’(r)e,.~l:0.D




EIR 15.3.3(BRRECER) W 2 & R R — NI, Fla,y) 2 2 L&
LR EAE 2 PR RS TR T y AT, IR HAR S Fy (2, y) 45 2 BiESE X
% (x0,0) € 2, H.

F(zo,y0) =0, Fy(xo,y0) # 0.
MWIAEAE a >0 Fl r > 0, XH o Fl r BN B(xo,r) % (yo — a,yo +a) C 2, FIE
MAE B(xg,r) CR™ FMTBIET (yo — a.yo +a) KRBy = f(2), TELLFE5i8OT
(1) y = f(2) WAL (20, y0) HWIALTFE F(a,y) =0, BN

f($0) = Yo, F(x,f(:c)) =0, Vxe B(:Eo,?"),

M X 2 € B(xo,r), y = f(x) B2 ETFAERT] (yo — a,y0 + a) L AIME—1#:
(2) f(x) 7£ B(xo,7) FIESL

B, MR Fz,y) /£ 2 PN B TRNEIC v (i=1,2,--- ,m) T,

WAHN OB R AR f () tUTE B(zo,7) ERTRENALIC 2 (0= 1,2, ,m) AT, X

Yo T AT i a2 (15.3.8) VAL i HWU R A T Fy, (2, 9) (i = 1,2, -+ ,m) #BLE

0 RIS, WAHN N FEL £, (2) (i =1,2,--- ,m) WHHE Bzo,r) EIELL.

\10./19)%: Yo RALI SR IR BB A MBI F (1) (= 1.2, m)
AR 0 LEET I F(r,y) SEANBEE y X T o THL DA 69 18 5
f(z) & B(xo,r) ETHL,



10.8MFEF:R™ R, f:R" - R.FcC(Q),fcC(B(zy,r)),F & TyELSTH 3 TL 20y FAToTH
S FAEESL Ry R A FHEEzC B(mo,r), 8 T Bz, r) 2T K, 3 A 22 694535 B (2,7') C B(xo,7).

4-he Bz, ), T2z +he B(x,r), With— 00, #4014

|F(x+ h,y) — F(z,y) — (DF) (z,y) - h|=o(|h]),X 2 D & =35 m A L1k F.

F(z,f(x))=0,Vzec B(xy,r).

Check: f(x) /£ B (zy,r) LT #%.

¥ ¥ f(x) 72 B (xo,7) W95 % ((JF) (2, f())) ' (DF) (,f(x)).

REZBIE|f (@ + B)— [ (@) +((F) (@.f(2)) " (DF) (2.f()) h|=o(lhl)

HMA|f @@+ h)— [ @)+ ((UF) (@.f(2))) "(DF) (@.f()) b| = |[((JF) (@.f(@))) | [((JF) (@./ (@) [/ @@+ h) — f(@)]+ (DF) (2./(2)) - h]
JEFM Em A+ 1AM E, FRIFCQ) £Eh— 0K,

[((JF) (z,f(®))) [f (@ +h)— f(@)]+(DF) (z,f(z)) - hl

F(z, f(2)=0,Vae B(zy.r)

= |[F(z+h,fl@+h)— Fzf(@)+(UF) (@ f(@)) [ f@@+h)— (@] (DF) (zf(2) h|
=|F(z+h fl@+h)—F(z+hf@)+(JF) (@+hf@))[f(@+h)—f(@)]
+(UF) (2, f(@)) [f (@ + k)~ (@] ((JF) (& + h,f(@)) [f @+ h)— f(@)]]
+|F(z+h,f(x))— F(z,f(®)+ (DF) (z,f(x)) - h|

FAFydsTS
* F 5 R Wy, F % F 2 Tk

= o(Ihl) + [((UF) (@ f(@))) — ((JF) (@ + b, f@)))| |f (@ + k)~ f(@)]+ o(|h])
F*FykTS = JFeC(Q

)
= o(|h)) +o@)-|f(@+h)— f@)|+o(lh])=o(|f(®+h)— f(z)])+o(|h])
PFiEo([f(@+h)— f@)])=o(hl)

TR THEELZH0<e< A EB™(0,7)={xzc R™:|e| <1}, F*T4E£EFhec B"(0,7),

1
2| (JF (. f(x))) |
#|(JF (. f(=))) [f (@ +h)— f(@)]+ (DF) (z.f(x)) - h| < e|f (@ +h)— [ ()| +elhl
%—7d ,|f@+ k)~ f(@)+ ((JF) (z.f(2)) " (DF) (z,f(x)) bl
=|f(@+h)— f(@)|—|((JF) (x.f(@))) " (DF) (z.f(x))- h|
=“|f@+h)— f@||(UF) (2. f(@)) ' (DF) (.f(x))]- |hl
= |f@+h)— f@|=|f@+h)—f@)+(JF) (f@))  (DF) (@f(@) h|+|((JF) (@ f()) " (DF) (@.f(@))] |kl
=e|(UP) (x.f@)) [ If @+ h) — f@)| + €[ (JF) (. f(x)) |- bl + |((JF) (2.f(2))) " (DF) (z.f(x))]- |

(UP) (@.1@)) '+ (UF) (@.1@) " (OF) @ f@)]
L—€|((JF) (z.f(=))) |

FRNUP) (. /(@) [f @+ h)— f(@)]+(DF) (z.f(@) k| =e|f(@+h)— f(@)]+clhl

_ U @ @) [ (U @f(2)) " (DF) @.f(@)]
= L—€[((UF) (@.f(=®)) |

1P (. f(@)) " (DF) (x.f())|
1—¢|(UF) (.f(@)) ']

F2|((JF) (,f(x)) [f( + k)~ f(@)]+ (DF) (z,f(x)) - | = o(|h|)
#|f(x+h)— f@)+ ((JF) (z.f(2)) " (DF) (2,f(x)) - h|=o(|h|)
A, f(x) £ B (xo,7) L 7T . 0

= |fl@+h)—f@|=

‘|| + €lh]

k|



OF (z — au,y — bu) _

0
oz
1. () F(z —au,y —bu)— 0=
WF (@ = auy —bu) OF (x — au,y — bu)
o Td T :0
dy
OF (z —au,y — bu) 0(x —au) = OF(z—au,y — bu) O(y — bu) —0
N O(z — au) ox Oy — bu) oz n
OF (z — au,y — bu) O(z — au) n OF (x — au,y — bu) 0(y — bu) —0
O(z — au) oy Oy — bu) oy n
ou ou
D, F(z — au,y — bu) <1fa%)fD2F(a:fau,y7bu)~b£ =0
- ou ou
fDlF(zfau,yfbu)-aafy + Dy F(z — au,y — bu) <17bafy):0
Ou D, F(z — au,y — bu)
N 0r  aD,F(z— au,y —bu) +bDy F (z — au,y — bu)
Ou D,F(x — au,y — bu)
Oy  aD\F(xz— au,y —bu) +bD, F(x — au,y — bu)
;saaiuﬂ)aiuf aD\F(z — au,y — bu) bD, F (z — au,y — bu) 1.0

oz Oy  aD\F(z—au,y —bu) +bD, F(z — au,y — bu) - aD\F(z — au,y —bu) + bD, F(z — au,y — bu) B

1.4z +y* +u’= yf(%>,iﬂH(w7y) =z’ +y’+u’— yf(%) =0

ou ()05

oz v
- OH (z,y) (u)
z,Yy) ff 89
= ou u
9 Ou  pfu) _ T\y) Ty
Y 2y+2u8y (y) Y PR 0
y
2x+2u6—uff’(g>8fu:0
oz y) Ox
- ou u u)[Ou 1 U
ety )5
vr2ugy —Ny) W\ ey y
Ou _ y(u)u _
2z+2u%ff<y>am—0
- ou u u)(O0u u
ety 3
Y fy ! y/\0y gy
Ou 2z
= ()
= u u u
@:f(g)iyf/(y)i%
)
B f u ,Efr u —2y
é(x2fy27u2)g—u+2myg—u72xu:(x2fy27u2) 2 + 22y (y) Y (y) —2zu
a ner () w o)
u u
- 22% + 2292 + 20u? Qxyf(g)*Qua:f’(;)*élwa
= u + Tu — 2zu
20 1(y) 20 1(y)
72x3+2xy2+2zu2+2xyf<g)f2uzf’(ﬁ)f4wy2f4mu2+2xuf’(ﬁ)
_ y y y
u
26— 1(5)

-2z — 2xy® — 2zu® + 2:zyf<9)
- Y2 —0.0
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12.F(z,y,2)=0

wzo Fl(m,y7z)@ +F2(gj7y,z):0
dy Jy
z=2(y,2) = F(z(y,2),y,2) = 0= { OF =9 5
M =0 Fl(x,y,z)l +F3(1:,y,z):0
9z 0z
W =0 Fi(z.9.9)+ Fo(@y,2) 9L =0
y=y(z,2) = F(z,y(2,2),2) = 0= < OF (5.y(2.7).) = < o
ortz,y(e,2),2) _ Fy(2,y,2) 22 + Fy(z,y,2) =0
9z 0z
aF(%Z/,Z(%y)) :0 Fl(m,y,z)+Fg(I,y,2)% :0
oz oz
(I7yaz(xvy)) —0 F2($,y,2)+F3(CL',y,Z)7z =0
oy Jy
% — FQ(xayaz)
ay Fl(wayaz)
@ . F3(‘T7y7z)
82 N Fl('T?yaz)
@ . Fl(l',y,Z)
or  Fy(z,y,2) 0z Oy Oz Ox 0z Oy
Yoy Rus 0y 6z dy o: oy o
az N F2($ayaz)
% . Fl(a:?yaz)
6-T N F3($7?J,Z)
% N F2(xayaz)
8y F3(mayaz)




azf(m 2 2z
1. ,y)  0°In 2 2 92
(3) ox2 = (6$2+Z/ ) _ 2 +y? : 2(?/2*372)
2°f( O @4y’
w,y) 0?1 2 2 2y
ayQ = n(;? 2+y ) _ 8;1;2+y2 _ 2($27y2)
9 y ay (_7;2 + y2)2
O fay) Oty
oxdy v _ 4wy
x 0y Oz @ +y7)
2
82f($7y) o ﬁ%
Oydzr v Awy
3y (1'2+y2)2
2 arctan ¥ 8earctan% 1 -y
1(5) a f(:z,y) — 826 tan B (1+(z)2) T a arctani’;/ ~y
6$ 81;2 o a — x2+y2
tan ‘ oz
f— arctan - 7:[} 7y arctan 2
z2+qy? 2 2 e 2Ty _ arctan% y2 .
2 Yy +y (z2+y2)> W+e w2z
_ Y 2zy ectang y (2% + y?)>
(z2+y?)? e
arctan% 1 1
2 arctan ¥ L
a f(-'l;,y) — 826 tan B (1+(y)2) T P arctan% T
32/ ayQ * T _ I2+y2
or
arctany< z 9 ) o
—=e z arccan% — 9% oy ,
xz + y2> +e ﬁ e t . 1‘2*72Iy
82 o arctan £ z (.’L‘ +y2)2
8f (;,y) : T wam? )
- ’ arctan £ 2
zoy or € 22+ y? 22+ g2 o ZM
:earctan% yzixy*x2 Yy (x2+y2)2
82 aearctan%i
af(g7y) — x2+y2 B aTC(‘/an; - ) y
yox ay —e€ 5 5 ea.rctan; 7(x2+y2)+2y2
xr +y x2+y2 L
(z2+y?)?

an¥ 9,2

=e
(z2+y?)?




2.(2) f(z,y) = z°sin’y
o*f  0%2z°(cos’y — sin’y)

0120y? Py =12z cos2y
o'f  0'z’sin’y  0°3x%sin’y  96z°(cos’y —sin’y)
0rdy*0x  Ozdy*0x 0Oxdy® oz =12z cos2y
o'f  9%6xsin’y
9y20z° 9y° =12z cos2y
2.3) f(z,y,2)=e™
o*f  9%e™  O’zye™  O(ze™ + x’yze™)
0xdy0z Oxdydz  Ozdy Ox
=1+ zyz)e™ + 2zyze™ + z°y*2%e™* = (1 + 3zyz + 2°y°2>)e™
Of  0%e™  9%mze™  O(ze™ +ayz’e™) 2 2 o\ e
020x0y  0z0x0y  020x Ox =1+ 3zyz +a%y"2%)e

o*f  9%e™  9%yze™  O(ye™ +zy’ze™)
0y0z0z Oy0z0xr  OyOz oy

=1+ 3zyz + 22y?2?)e™””



Ty kx? k

4.(1) lim z,y)= lim = lim +0(k+0
()my) >(o,o>f( 2 0.0 T Y oo TR L ( )
rz=ky rz=ky z=ky
# f1E(0,0) RiE 4.
f an
lim Bzt
0,0
( )= Az~>0 AfE
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oz" oz" Y Hgn yk:o k) ozF Oz *
n 1 n—1 1
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1 1 1 1 1
ot ol ) 1 [ ()
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FIE AR oz" 21y oz" 21y oz" ozx"
- (D"(nl)[ 1 B 1 } 1" (nh) CNntl o yael
7 2Zy (.'L‘*Zy)nJrl (ﬂ3+’ly)n+1 7 Qiy($2+y2)"+l [($+Zy) (IE Z?J) ]

(* 1) " (’n,') <6i(n+1)arctang - i(n+1)arctanz> - (* 1) " (’n,')

= ST e T sin((n +1)arctan y)
2y (a® +y*) * y(@®+y?) 2 ‘

FR gn{ —p OV (nn)ﬂ sm<(n+1)arctan >+n( D" (nll)! sin<narctany>
ey @1y ’

n n n—1 o |
%1’»}(&&2 J: = D" (! L)H Sln((n+1)arctan >+n( DA 21)' Sin<narctanx>
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0,0)= lim =0
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oty 890" B 0—-0
oz dz" L (0 0) AzﬁO Am 7530 Az -0
y~>0 y
o o f
n+1 n y n(an) .
2" 0 0)= lim % ] —im 29

oy nrl Ay—0 Ay Ao Ay



2

(z,9)#(0,0)

4.(2) f(z,y)= 2* °
0, (z,5)=(0,0)
zy?
of _ 8x2+y2 2y 2my® 23y
dy dy 2’ +y* (@ +y?)? (2P +y?)?
Bf f(0,Ay)— f(0,0) 0—0
0,0)= lim ~ lim 0
( ) Ay—0 Ay Ay—0 Ay
g B 37x2+y2 oy B 22y? oyt zly?
or Oz  z+y® (2 +y>)? (22 +y?)?
8f f(AfE 0)—f(0, 0) O*Of
of _of
01 (0,0)= lim % (80,00~ 5,00 —1im 29—
oy 7 Az—0 Az Aoso AT
of of of
0 x(07Ay)*£(0,0) . E(O,Ay)—%(O,O) 1
0,0)= lim =1 = lim — = oo RAHIE.
0y Oz ( ) Ay—0 Ay Agl,rilo Ay AiIEOA > i
3 2 2
y’In(z”® +y?),(z,9)+(0,0)
3) f(z,y)= N
0;($ay)*(0,0)
— Ay)3In ((Ay) 2
af(o 0= fim J QAW 0.0 _ Ay (A7)
Ay—0 Ay Ay—0 Ay
of _ 0W’In(z>+9%) L o o 2y*
oy oy =3y’In(z*+y )+x2+y2
af af
9°F (0.0)= lim 2,800~ 5,0,0) T
Oz a Az—0 Az Az—0 Az
62](‘ B 3[3y21n(x2+y2)+ 2+y ] 73 5 2c B 41_,!/4 B 61‘3y2+2xy4
0z Oy Ox y > +y> (2 +y?)? (z2+y?)?
o f
f ; 0,0= lim outy (4.0 5,2, 0.0 —1im 2% ¢
Aar~>0 AI Az—0 AfL'
af f(Az,0)— £(0,0)
0,0)= lim =0
( ) Az—0 Ar
of _9(’ln(z®+y*))  2zy®
or Ox Cz? 4y
9 (az,00— 2L(0,0)
f(o 0)= lim 2% gz — im0
Az—0 Az Aeso AT
aﬂ 30,2 2 2.3
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9 f 9,2 (0,0) e f
0,0)= lim = 29& 0,0
8 ( ) Ay—0 Ay Ay—0 Ay ( )



12.(2)u= mcp(y) +¢<%>

0%u 0%u

, 9%
ox? y@zay Y 9y2 —

x
Y oY) 2%y (g) v ~<g)727y2 ~<g>727y ,(y)fLy"’ (g) v <g) v (ﬂ)
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12,00 5%~ 32Tt~y Gt —0 b u— @)+ v(2)
0| (zy) o
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5 o !( )712 1z
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Oy O du du
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1.(1)z =ax®+ by?(a,b >0)

12 — 20 = 2ax0 (. — x0) + 20y0 (¥ — Yo)
(2az, 2by,, - 1)

V4a2x? + 4b%yE +1

1.(2)z=azx*—by?(a,b >0)

1B @z — 2o = 2azo (z — x0) — 2by0 (¥ — o)
(2axy, - 2byo, — 1)

\/4(1 5+ 4b%ys +1

Wikt in =+

iﬁ'iiz’f\-@%:; =

1. (3)—+y +%:1(a,b,c>0)
2
@ 0 (1 )+ (g — )+ 2 (2 — ) =0

a’’ b? 0 c?
4z 4y 428
Ve

Z2

2 2
1.(4)% + Y 2 —1(a,b,c>0)

23y 2y, 2%
L O AT ( )

[

2
R 250 (r )+ T (y— ) — 2 (e — ) =0

Bk =+

2 2
1.(5)% + Y —1(a,b>0)

U@ 0( — o)+ bz *(y—yo)=0
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