LR g,y ER™,n=1,2,---, L lim z, =z, lim y, =y. #E:

n—0od

(1) lim (z, Ly, =x Ly, (2) lim z, - yp =y, (3) lim |z,| = |z|
TL—> 00 n—00 n—od
o0
\yiy’i,é&ﬁ'] T, €R™ (n=1,2,.-) iHZEHF § |Tpi1 — 2n| < +o0. FEBA: lim z,
n—00

#E. -
\3/iJ£HHEEr% FE d(x,y) = |z —y| B9 TF 2R

(1) |d(z,y) — d(x, )| < d(y, 2), Vx,y,z € R™;

(2) d(z,y) & x,y 69ELERHEL EF%nlLH;O Tn=1, im_yn =y, ) Tlim (g, ynr) =

d(z,y), BP Ve >0, IN € N, &% n,n' > N B, & |d($n,yn1)n’—~tﬂw,y)\ <e.

Y& a € R™, M c A2 FE EHR:

(1) && {reR"a-z<c) o {z e R™:a x> c} #ATFE;

2) 2R {zceR":a-z=cl, {z€R":a-cs<ct o {z €R" :a -z > c} HA

) %.
1.(1)Since limz, =z, limy, =y, then

Ve>0,3N>0,st.Vn> N, we have d(z,z,) < %,d(y,yn)< %

Then d(z, ty,,z +y)=d(z, T y,,z +y,) +d(zty,z+ty)
translation invariant

- d(mnnaxj:yn)+d(j: yTH j: y):d($nnaxj:yn)+d(yn7y)< % + E

2

— €

Hence, limd(z, *+y,,o +ty)=0, ie limz, ty,=z+y.[]

n-—0o0o n-—r o0

FT G I X

BT limz, =z, limy, =y

$FAEZEe>0,5EN>0 5% FHEn >N, A

|z, — 2l <€ |y, —yl<e

F A2z, <lz|+ |z, —z|<|z| + €

TRz, y— 2 yl=e(lzl+e) +e(lyl)

Hett&EMN, T4 lim |z, vy, —z-y|=0,% limz, -y, =z - y.[]

n— 00 n— 0o

1.(3) Since lim z, = =,

n-— 00

Ve>0,3N>0,st.Vn>N, we have d(z,z,) <€
= ||lz|—|z,|| <|z — z,| < e(note: the outer || of ||x| —|z,|| means the absolute value in R)

Hence, lim ||z|—|z,||=0, i.e. lim |z,|=|z].00

n-—r o0 n-— 00



Q.lenﬂf:ﬂnl <oo=Ve>0,3N>0,5t.Vn>N,H |2, 1— x,| <€
n=1

T A& lim |z,., —2,|=0,{z,},., ZR™ ¥ a9 478 7], & lim z, HF&.[]

n— 00 n-— 00

3. E=ATF A

d(z,y) < d(z,z)+d(z,y)

d(z,2) =d(z,y)+ d(y,z2)
FA2d(z,y)—d(z,2)| = d(y,2),Vz,y,2€ R™.[]
(2)Ve>0,3aNeN&HFZn,n >Nt &

€ €
(yn’ay) < E,d(x,xn) < §

|d($nayn') o d(%y) | = |d(xnayn’) o d(g}n)y) | + |d(wnay) o d(xay)l

(6))

=d(y,,y) +d(z,z,) < % +<

— €.

2
F 2 lim d(z,,y,) = d(z,y).0]

4.acR™—{0},ceR

(1)Check:{zcR™:a -z <c} ZF %

T@EBE: A THEZE e{re R :a z<c}, A HLE—NFFH By (20),1%4F By (25) C{zeR™:a -z <c)
HAHa zocRa-z<c,{rcRx<c}ZREMFE FTALELS>0,1E/Fa z0<c—6...... (%)

B = % >0, TR FE&ZzeB;s (mo){xe R™: |z — 2| < &}
lal
HAR™ b F ) RF K
#MAa-z=a (vo+(@—120))=a -z +a (z—x) < a- z,+lal |z —

5 (*)
<a-zyt+lal-— =a -z +6<c

lal
FRzc{zcR™a -2<c}), TABy(z,) C{rcR™:a z<c}.[]
Check:{reR™:@a -z >c} ZF%
TaEiE: FTHEZr, e{zcR™":a x> c), #HHLE—NTF KBy (20), 185 Bs (2)) C{zeR™:@ -z >c)
HHAa zcR,a-z>c,{rcRx>c) RREMFE HULZLES>0,18/Fa 20 >c+6...... (%)

g — % >0’%%3¢%{£%x635($0){.Z‘E]Rm:|$1‘0|< él}

lal
AR A N X

#MAa-z=a (zo+(@x—120))=a -z, +a (x—x) > a 1z, lal |z —z

5 (*)

>a-z)+lal- — =a-z,+6>c

la|

FRze{zeR™a z>c}), TABsy(z)) C{zeR™:a -z >c}.[]



4.(2)Check: 5 {zcR™:a -z =c} R HE.

PERiE{recR"a-r=c)}={rcR™:a -v=c}
RE®BIE{zcR™a - z=c}) S{zcR™a -v=c)

SFFHEEpeR™, Fa-p>c,Fpec{rcR™a z>c), TRX—/NFE.

Bt A B 2 — /N TR Bs(p) C{zc R™:a -1 >c},

NFiHEZFEgeBs(p)C{zeR™a -z>c},a-qg>c. TRa q+c,q¢{zcR™:a -z=c}.
FTRBs(p) {zeR™a -z=c)=0,XWp¢{rcR™:a - z=c}

FTR{zeR™a -z>c}N{zeR™a -z=c} = 0.

Bl Tik:{zcR™a z<c} {zeR™a -z=c}) = 2.

FTR{zeR™a z=c}={zcR™a-z=c})/NR"
={rcR™a-z=c}'N({zcR™a -z<c}U{zcR™a -z=c)U{zcR™:a z>c})
=({zeR™a -z<c)y{zcR™a -z=c))U{zcR™a - z=c}N{zcR™:a z=c})
U({zeR™a z>cy{zcR™:a z=c))

=gU({zeR™a -z=c}{zeR™a z=c})UD

={zcR™a -z=c}N{zcR™:a -z=c)’

FTR{zeR™a z=c}/S{zcR™a -z=c}.¥{zcR™a -z=c)ZHE.[]
Check:{zcR™:a -z<c},{zcR™a -z>c} R HE.

X2 EMNB—FH ik B TFAER"F {zecR™a-z2<c}={zcR™:a z>c}°,
m{zeR™a -z>c} RFE HA{rcR™:a -z <c} ZH]%E.

Bl {zcR™:a -z=cyRH%E.[]

7.3% S, S, 5, £ R™ PHEFIAET SE. EA:
\(yﬁg% Sl g 827 D]'J Sf g SS: Si g Sé) §1 g §2;
JP ($°)° = §°,(S') C &, (S) =5, AmMEELEE SN S° SAFE @ S
o545 S Falfl 6L S AR
A ($1N182)° =SNS5, (81U S»)° 2 82 USS;




73X R RN TG F JE— M = 2 1)

QVpe Sy, ST AS 8RN &, hE LT,

A A p B9 FFARIR N, (p), 113 Ns(p) C ST € S5, € S,.
TApeSs, A Sy < S5.00

Vpe S, MAEZE QL p AR O 2 —ANqge S, S Ss,p #q
TApe Sy, BS < S55.0

Sy =8,US8{C8,US)=S,.[]

(2)Check: (8°)" = 8"

HAKMA(S) SS°

PERIE: ()" 28"

RERIE:S° AFFE

PERIENVpeS°, B ED BI—/ N Ns (p) ={z:d(p,x) <},1£#F Ns(p)C S°
HTpeS°, TAG L G—NEBN, (p) ={z:d(p,x)<e},1£/FN.(p)C S

Fp 69 AN, (p):{a::d(p,x)< %},&f}‘]%&%NE (p)C S°.
2 2

VqEA%QﬁﬁﬁgNgwﬂiﬂgﬁhhV$6N§@%ﬁd@ﬂ0§d@ﬂ)+ﬂpg%<%%f%:e
FARIEN(P)CS. BN, ()C 5

A FEEGE N, () HAL—MIEN, (QC S, TRESH N & FgeS”.
H%NgmcS%%&ﬁ%&%ma&ﬂé&*A%ﬁNémcS%%%W%W%Wﬁﬁmes%j

Check: (S")' < 8
Vpe (S, M T A p AARBEN, (p), 5 &9 Ns (p),g#p.ge s
2

TRAEHErEN

mm{g,d(p,q)}

(¢),r#q,reS.
1) )
d(p,r)Sd(p,q)+d(q,r)<§+mm §,d(p,q) =6=reN;s;(p)

A= d(p,0) — dp0) > d(p,0)— min{5 4,0} = d(p.0) — dp.0=0= 1+

TRpeS.AH(S) SO



REZRIES'C S

REZERIE(SUS) CSUS

A E(AUB) C A'UB', VA, Be Set, F2(SUS) € §'U(S.
REZRBIES UGN SSUS

B (2)T4:8'C 8 () TS =8 UWN)CSCSUS. [

BT & 6930

N FAEENze(AUB) 3 THEZEL R 69488 Ns(z), A4Ep € Ns(z),p + z,1Fpc AUB.
FRELpc A, 2 LpcB.

EpcANzec A EFpecB NzcB.

FAzec AUB. A, (AUB)C A'UB', VA, Bec Set.[]

Check:S° 2 7%, S'F= S 47 2 H] .

A(S°) =8, T EagE L (FR—NESATE, EC LT SAARN L)
TARS AFE.O

WA (S) S8, wHEeE L (FR—NEESANE, ZFCHRIREAMELETE)
TRSZHRE.O

BH(S)=8,FAS =8U(8)=(5)C S e sz L (H—IESRNE FCHRREHLLETE)

FASRMNE.O



(3)Check: (S;N8,) " =87N85.
OVze(S:NSy) ", HE—ANzhARIRN, () C SN Ss.
FARNs(x)CS,,Ns(2)C Sy. TRzES,, 85 . Abze ST NS5,

B (S,N8,) S 8/NSs.

OVze S NSy, i FTrecSy, | GE—ANxtI4 BN (2) S S,.

B Tzels, AL —NrARIRN, (2) © S,.

F R T ATIRN pins o (@) € 81N Sy, 3z e (SN 8,)°.
Ht(5:N8S,) 287 NS5[0

Check: (S, US,) " 287U S5.

VeeSTUSs, & 4xe Sy, &4z S5,

Frc Sy, MELE—ANTARN,(2)C S, C S U8 # ze(5,US,) .
FErxcSy, MELE—ANDTIAIBRN (2) TS, C S US,.#zc(S,US,)°.
B (S, US,) 28y USs.0

7.8 F AR, ZAVE JE R e — A% 49 Hausdorff = 18] ¥ &9 17 L.

R™ 3 A& —A 528 % 09 Hausdorff == 18] BT A & & = 1A 438 & Hausdorff = IA].
S,81,8, % Hausdorff = B FF a9 dF = 2%,

JEHES, C 8, M Sy S S5.8/ 84,8, € S,

ENFIANRST =58 ((59)) =57,

AWFET.0

122 3f SCR™ Amax e R™, EX z 3| S WER A d(z,5) = gggd(m,y). PEA:
(1) S={zeR™: d(x,S5)=0};
(2) 4% § ZHE, NAEE 2 € 5% A d(x,S) > 0;
(3) MEZ r>0, 2% {r e R™: d(z,5) <r} A= {x ¢ R™: d(x,9) > r} # &
Vil Y
(4) MEZE r >0, 2% {r e R™: d(z,5) <r} A= {x ¢ R™: d(x,5) = r} #F &
%
13, JER T 3] 4R
(1) 4R S ZHE Nt ve eS¢, Fy € S, 1E d(x, S) = d(z,y);
(2) AREE SCR™ H9AZEZNLA diam(S) = supvd(w,y), R S AR
L&, 0 32,y € S, & diam(S) = d(z,y); e
(3) BAEE S, S C R™ A8E 5 Z L AHd(S), So) = inf d(z,y), 2R 5, F2 S, AR

yESo

;%_]7]-'] %, _ﬂi&‘fj—"/ﬁ}‘g&ﬁﬁ%, R“J dr € Sl, H’y S Sz, ’fi d(511 SQ) = d(:c,y)



S
12.(1)Check:{ -
S

OVpe S =SUS
EpeS, A 24d(p,S)= infd(p,y) =d(p,p)=0

yes
#Fpel, A FHEL R p 8 —NRBN, (p),
N.(p)® HE—NFTpty &g HHqges.
TRd(p,S)= infd(p,y) =d(p,q) =e

yes

WAt E T 40,d(p,S)=0,%p c{zcR™:d(z,S)=0).

RS S{zcR™:d(z,5)=0)

@Vpel{zeR™:d(z,8)=0}28,

EpeS, AAHKApeSC S.

Fpe{reR™:d(z,5)=0}— S, &M Fpec S

HAd(p,S)= ingd(p,y):O,DI'JIETA‘)%%?‘&‘J/?XT’T%::
ye

STFAEEL e >0, G2 5,1E4Fd(p,2) <e.

XEAp+S,TADF 2

AL TAEFEL R A p 89— NTB N, (p),N.(p) F HE—ANFTphh fz it Hze S

FRpeS CS.

AiS 2{zcR™:d(z,S)=0}.

tzt:S ={zcR™:d(z,8)=0}.00



12.(2)Check: % S Z A& Mt &z e S, A d(x,S)>0.

RHSAEME LS =S ={zcR™:d(z,S)=0}.

FreS§=(8) ,d(.8)=0,Mze 5.5/

HHEEZEze S, A d(x,5)>0.0

12.(3)Check: *4£&r >0, &£ {zc R™:d(z,8) <r}Ae{zc R™:d(z,8) > r} #k & F £.
stFAEEL TG >0,

OREFEZWRIEXN TiEZEpec{zcR™:d(z,S) <r}, #HELE—Ap 8948R N, (p), 1£1F
Ns(p)C{zeR™:d(z,S)<r}.

pec{zcR™d(z,8)<r}), FAd(p,S)= infd(p,y) <r.

yes

FREAS >0 4E/Finfd(p,y)<r—2§

yeS
FTRELE2zESAEFd(p,z)<r—6.
TR AL #)4RBN; (p) ={zc R":d(z,p) <6}
Ve Ns(p),d(z,S)= infd(z,y) <d(z,2) <d(z,p) +d(p,2)<b6+r—6=r

ves
re{zeR™:d(z,S)<r}. B, 2E{zcR™:d(z,S)<r} 2F%&.

QR FEWHIEN THEEpc{zcR":d(x,S) >}, #H AL —/p 894N, (p), £ 55
Ns(p)C{zeR™:d(z,5)>r}.

thepe{recR™:d(z,5)>r}, TAd(p,S)= infd(p,y) >r.

yes

FTREAES>0,4E/Finfd(p,y) >1r+ 26

yes

FTREGE2e84EFd(p,2) >+ 26.

TR b Fp AEN, (p) = {2 € R":d(z,p) < ).

Ve Ns(p),d(z,5)= infd(z,y) = inf (d(p,y) — d(z,p)) = infd(p,y) — supd(z,p)
yes

yeSs yes yes

Zr+26—6=r+6>r.

#re{reR™:d(z,S)>r}. B, EE{zcR™:d(z,5) >r} 2 FE&.0
12.(4)Check: 3£ %7 >0, 5 & {(zc R™:d(z,9) < r}f={zc R™:d(z,9) = r} # 2 &.
HA{zcR™:d(z,9)<=r}R{zcR™:d(z,8)<r}ER™ F&94hE FrA{zc R™:d(z,9)=r} £ %.
FlZ:{zcR™:d(z,8)=>r} A H%E.0



13.(1)Check: % S =M &, M3t Zrec S, aye S,48d(z,5) =d(x,y).
SFEES e Se,

o B SRR W E AR 2 E B A B, — {ze S:d(z.2) < d(z.8)+ %}
EREMNHAE DB, 2 DB, Dy 2.

BE E,ZAR" ey R £

& Heine — Borel 32, A5 i E, & B FH &, A R R 2R,
WrEE, AR ey E.

REWRIEE CE,

SFFiEZES EWpeE,Ne>0,5&qcE, q+ p,1£iFd(p,q) <e.

FRd@p)<d(p.g)+ d@g) = e+ d(z.5)+ -

B A Bl T, d(5.p) < d(z,8) + %
FRpCE, FRE,AR™ &%,

W d(z.5) 8% ST 4 4/ B, #dE 7
FR(\E.+9.XBHE,CS.

neN

FA()E. €S

neN

FTREGEye S 1£1Fd(2,S8)=d(x,y).[]

13.(2) % 5 E, :{(x,y)e S % S:d(z.y) = diam (S) — %}
BRE, AR P& R, P BT R (1) 496 B TR 5.
FR()E, + 0. FREE (z,y)€ S X8, #£4%d(z,y) = diam (S).

neN

13.(3)F L8, :{<w,y)e 81 % 8:d () = d (S, 82) + %}
EAE, AR b6 F R AT REL () b a9k BT 72
F& (B, #+ 0. FAEE (@) € 8 % S, 1213 d(2,y) = d(51,5,).0

neN

1. JEB VA T AR R

z? )% arctan(x
® ()= (0,0) m =0 (a>1); (2) o :::245;’) =0;
(3) lm (@tysm——— =0 (4 lim Ty,
(z,y)—(0,0) x| + |yl @)= 00 \m ]
(5) lim =z 1n(g:2 + yg) = 0; (6) lim ln cos x

(@.)—(0,0) (2y)—(0.0) /22 + 32



2 2\5 x|+ 2\ 2
@y 0.0 |Tl+1yl @00 T+l @)~ (0,0
2 2 %
= lim @ty =0.
@00 |zl+lyl
1.(2) lim M#&F&Tﬁ&
@y~ 0.0 Vaity?
arctan (kz?) k
lim = BB AR
(@ka) + 0,0/ 2%+ k?2? \/1 + k2 o
1.3) lim (z+y)sin——— IR G .
(z.y) — (0,0) |2 |+| |
z?y? u
1.(4) lim —————=1lm - ——=
@p—0,04y1+z’y* =1 w0 /1+u—1
z+0,y+0
1.(5) lim |zln(z*+9?)|= 1lim |z||ln(z®+y?)|= lim |z||In(z?)|
(z,y) — (0,0) (z,y) — (0,0) (z,y) — (0,0)
=2 lim |z||lnlz|]|=0
(z,y) — (0,0)
= lim zln(z®>+y*)=0.
(z,y) = (0,0)
Incosz Incosz Incosz
1.(6) lim |——=|= Ilim = lim
(z,9) — (0,0) \/x2+y2 (z,9) — (0,0) \/&:2 (z,y) — (0,0) ||
ln(1*%+0($3)) %2+0(x3)
= lim lim | =
(z,y) = (0,0) |ZU| (z,) — (0, 0) |~"U|
2. AEE f(x,y) = 4+ 5 T LT RE S, KR ghg}o,o) flx,y):
(¢ y)eS

()S?bﬁéiy—aa:

(3) S

2

. z2y
2.(1) lim

@ 0.0 T +y?
(z,y)e 8

2.(2) lim 2y

Y ew—00 Tt Ty
(z,9)e S

3) 'y
2.(3 lim

@ —0.0 T Ty
(z,y)e S

2.(4) lim z’y

AN S e sk Tl B

(z,9)e 8

ZREK y = ax’;
¥P¢(xﬁﬁ@ﬁ,

E(4) Fa>o0.

(2) S A& y = ax®;
(4) S AR |z| < alyl.

lim 1 55 — lim =0
@y 00T Ta T z~>0$+a2l
x
lim ax? a
(2) = (0. O)x + a2z 1+a
5
ax . a
lim =lim—=0

<

(z,y) = (0,0)
(z,y)e s

4
wp—0.02 +a’z’

2 2
a’lyl y
a’lyl” +y?

@0 = g2y
T




4. % o, B RAIEFE. B % a+268> 2

. [ *yl®
lim = 0);
(,y)—(0,0) /a2t + 12
MY o+ 26 <20, LAMBIRRAL.

B8'=28
|z|* - lyl” R || - [yl”
4a+28>20,0< Lim Y gy B gy, LW
’ @—00vVz'+y*  wp-00Vz'+y @ 0.0\ zt+y?
« 2—a B +a—2
— lim lz]* - |yl lyl

(z.5) — (0,0) zt+y?

3132 :/m* +n*=c(k) |m|*|n|**

« 2—a B +a—2 « 2—«a B t+a—2 B +a—2
T2 lim lz|* - |yl : lyi < i 27l alyl%a T ] —0
(z.3) — (0,0) vzt +y @ 0.0 cla)lz]” -yl @00 cla)
Qa+ ' =28, lim |$|a4.|y|i7fw’%4ft.
@y~ 0,0V 2" +y
R N 7 0 1 L G s
@00V +y?  ew-oo0o0Vrtty'  @w-00 Vzt+y?
|z - lyl* k2e ,
By =kx, W lim = lim —F——TAREA
T e - 0.0 vzt +y? @001+ Ek?
y=kz y=kx
WG
2| -yl |lz|*-lyl” |z| "7

@Fa+p' <2,%F lim By=uz, 0 lim = lim — 00
’ @y — 0,0zt +y* T e = 0.0 Vzt+yt ew-0.0 /227

WA B A



