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7.max{a,} = [max a, } \/al +al +

1<k<m 1<k<m
n n n
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8.UERH:
x,>0,n=12,- }

limx, =a>0

n—>0

nlnklglx X, N/Zzn}ngp X}
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proof :
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3N, eN,s.t.‘v’n>Nl,xn—a‘ < >

jaf

N, eN,st.Vn > N,,
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1.(1)
bounded :

obviously :x, >0,

x, <2=x,, :%(3xn +2)<2
thenx,=0<2=x,<2,VneN
monotone .

X, = %(3)6” +2)> %(3)5" +x,)=x,

. . . A
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= limx, =2.
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n+l n n n n
n n+l n m
(1+lj <(1+Lj ,.'.(1+lj <lim(1+lj =e
n n+l n m—>o0 m
m(n+l1

‘ 1 n+l 1 ( )

Claim:| 1+— > 14
n m(n+1)

needtoshow:1+l>(l+ ! J

n m(n+1)
1 1_(1j
proof :1+—= ] n-:l
L T
n+l n+l1
( | ]m c! 2 c? cr
1+ =1+ n__ 4+ —t At t m
m(n+1) m(n+1) [m(nJrl)] [m(n+1)] [m(n+1)]
Y
1 1 1 1 n+l1
<1+ + + T+t —=
n+l (n+l) (n+1) (n+1) 1_#

n+l1

1 n+l 1 m(n+l)
= (1 +—] > 1+
n m(n+1)

fix n,let m — +o

1 m(n+1) 1 n+l1
thene=lim| 1+ <(1+—)
m(n+1) n

m-—»o0

Hence,L<ln(1+l] <l
n+l n n

— (whenk22,C,’; <mk)



3.(2)pr00f:
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according to Exercise 3.(3) :

limx =c
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6.proof :
(A,B)is a Dedeking cut of R.

select a, € A,b, e B= a, <b,

fork>1keN,
% + by eAuB:R:ak+b" errmeB
2 2 2
if%e Aleta, :%,bﬂ b, = [a.b,]<[a0b,]
y%e&zer b :%,akﬂ —a, = [a,,.b.,]c[a.b,]
then
[a,0,]2[a,.0,]2 2[5, ] 2[ambe] 2+
(b, ~a,) = lim (5 ~a)=0
~AceR,Vne N,s.t.ce[an,bn],liggan =limb, =c.(a, € 4,b, € B)

Claim:Vxe A,ye B,x<c<y.
ifdxe A,x>c,thenb, e B=>b, —c>x—-c>0=1limb, #c=>Vxe 4,x<c.

Similarly,¥y € B,c < y.
Hence,Nxe A,ye B,x<c<y.



7.proof -
S € R is upper bounded,and S # &.
select a, = the upper bound of S, €S

fork>1,keN,

Grb g hth oo, %t g g

zfa"+b eS,leta, = %b" b, =b,=|a,...b.|<[a,.b]
zfa"+b eR-S,leth, = M,akﬂ=ak:>[ak+l,bk+l]c[ak,bk]
then

[alabl] Q[Clzabz] =2 Q[aksbk] = [ak+19bk+l] =2
lim(b

,—a,)=lim ll(b —a,)=0

n—0 n—»o0 2

~.3lceR,VneN,stcela,,b,| lima, =limb, =c.(a, €S,b, eR-S)

n—»0 n—>o0

Claim : c 1s the superium of S.
VxeS,x<c
need to show:
Ve>0,dx, €S,stx, >c—¢
oif Ixe S, x>c:

beR-S=b -c>x-c>0=1limb, #c

n—»o0

= Vxe§,x<c
ede>0,Vxe S, stx<c—¢:

a €S=>c—a, 2e>0=lma, #c.

n—>0

=>Ve>0,dx, e§,stx, >c—e¢.
Hence, c 1s the superium of S,sup S exists
Similarly,if S € R is lower bounded,and S # &, then inf S exists.
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1 2 |xn+1_1|:0+§ n
X, =§(2xn +l) e x,,, -1 =§(xn )= = limx, -1=0= limx, =1
—6(0,1)
9.(3)
X =2,x,, =2+L= 2%, +1.
n xn

obviously,x, > 2.

J5 2x +1—\/§+1x \/g_lx -1
5+1 2x,+1 A5+1 7 p B N __ﬁ—l[x _£+1]

xn+1 - -
2 X 2 X X 2x 2

n n n n

x/§+1| |\/— 1| \/§+l|

T e e Y S ST Y
=limx, ~————=0=limx, = ——.

I«f 1| J5- 1|f (01) = 2 = 2

2x | 2x ’

10.(1)30 < A <1,st|x,,, — <A™ |x, - x|

(l—ﬂ)
Ve >0,3N = max{| log, 2= | +1,1 eN,st|x, -

|x2—x1|
xm _xn = (xm _xmfl)+(xmfl m 2)+ +( n+1 _xn)
SIx, =X, |+ X =X, X — X, <A™ |x2 —xl|+/1"”3|x2—x1|+---+/1"’1 xz—x1|
ﬂ,rhl _ﬂlmfl ﬂ,rhl
:Tlxz—x1|<mlx2—x1|<8
Cauchy convergrnce criterion
= lim x, exists.
n—>0
2+x 1
10.(2 =1 = =14+ >1
( )xl g 1+x, I+x,
|1 U ox-x |
- = — = < =
Xt 1+x"*] |(1+xn)(1+xn,1)| 4 n n—1 {xn}COVIVe”'ge
lim x, Emom= x/—:limxnzx/i
n—wo 1 n—om
10.( —1xn+1—«/2+x >2
1
2+x, 2+x,_ | Al | X =X
Tt T |\/2+x +\/2+x |2\/2+\/_| 2\/2_,_\/5 noo
1imxném2\/5:m=\/2+ =>m=2=limx, =2
n—0 n—0
10.(4)x, =Lx,,, NG
xn
1 1 X _ —X
Faat Tl = x| % = XX |x" e
" - ol nnl :{xn}converge
1
0< <1
xnxn—l

. 1+\/§
= limx = 2

n

limxném:m=l+L:>m=l+\E

n—so m 2 n—sm

= {xn } converge



12.proof :
{x, }is bounded and monotonic. Without loss of generality: we assume that {x, } monotonically increases.

bounded
= In,ny,un,t N,s.t.{ " } converge at a point denoted by "p

n H

=Ve>0,IN eN,st.Vn,

J|x, — p| <e.
.+ {x, }is monotonically increasing

S > N Ve[, n, )NN,stx, <x <x,

= |x, - p| < min {|an —p|, X, —p|} <&

inf J ([m.m., ) N)E2M
n >N

= U ([nk,nk“)ﬁN): U {t:te[nk,nkﬂ)mN}:{t:te U ([nk,n,m)ﬁN)}
m >N n >N m >N

:{t:te[nkw [n..n,.) Jm }: ¢ te[M +00) M N}:[M,+oo)mN
([7m01) mN)=O{t te[m.n., ) N} = {l:teg([nk,nkﬂ)ﬂN)} { (Q nk,n,m] } {t:teN}=N

k=

»CS

=1
vie | ([mon., ) N)=[M, +0)"\N={MM+1LM~+2,},st|x,—p|<e

n >N

ieVe>0,IM e N,s.t.|xn —p| <& Vn>M.

= {x, } converges.

m

B cosa,
_;k(kﬂ) Sk(k+1)

n

X, —X

n

O |cosak| ul 1 m(l 1 j 1 | 1
< < — L _L_ 1 1
) ) 2k Tt et S < < (feomenses

)

proof
4N 4 |ak|
Ve >0,AN =max<|lo +3.3 a9
{ B } } TS50 &0t kz,;mk ka
1 1 1
G101 10 10m 10t _10 1 1 I
ST - < =4 <10- = <& =1{x, {converges
Zio &0 T B R T TR T b, fconverg
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Exercise 2.5

1L(1)x, =(=1)"&/n +

2/n
. — n 1 1 n 1 1
obviously,x, = (1) Yn+—==n+—=x =(-1) Un e =~ +

since lim 4/; =1,then:

n—>0

limsup x, —hmx x, =lim&n+— ! —11mf+11m =limn+——=1+1=2
n—>o n—w n n n—w n—w Q/; n—o0 11'1'1\/7
liminf x = limx = lim—4/7 +—— = lim—4/7 + lim —— = lim— /7 + =—1+1=0

n—»0 " n—o—L  now \/Z n—o n—w \/7 n—»o lim \/7
1.(3)x, =41+2"7

obviously, x, \/1 +2" 0 =420 x, =2 =K

limsupx, = hm x,,liminf x =limx,

n—o n—>0 n—»00 ——

12 = lim~In 2" slimlln(nz")s1im11n(2"“)=1n2

n—>0 n n—>0 n n—>0 n
1
lim ~In(1+2"
o/ e I
s limsupx, —hmx =limA/1+2" =e" ( ):e“2:2

n—o n—o

2= limLn 2 < limlln(1+2’")s limlln(Z’”“) =—In2

n—>0 n n—>0 n n—>0 n

~liminf x, =limx, = lim&/1+2"" e ln v :e*“12 :%

n—»o n—o—  noow



2.(1):
Ve>0,
by Theorem2.5.1:

El{x'" }keN c {x;"},s.z‘.ElNl eN,Vk>N,,

Sk

x” —liminf x”"
Yk

n—>0

&
< —
3

1

El{x“ }k . < {x,},s¢3N, eN,Vk > N,, X, —liminfxn‘<gk =min 1

n—»0

neN

o {x, }is bounded(sup x, =M )

by Bolzano-Weiestrass Theorem:
{xn } converges.

by Cauchy Convergence Criterion:

aN, eN,stVm>n>N,,

&
X, —X, <§

&
k>N, =s,,t, >N, ,thenm>n>N,,|x!" —xm‘<—
5% 3

Iy

AN =max{N,,N,,N,},s.t.¥n> N,

n—x0 n—>0 n—x0 n—>0

m m
liminf x” - (liminf xn) liminf ¥ — " + x" - (liminf xn)

. . g .. m
<|liminf x" — x| +|x)" —(llmmfxn) <—+|x" =x" +x" —(llmmfxn)
n—m k °k n—w 3 “k 4 L n—w

& .. noe & .. "
<—+x" —x"|+|x" —(liminf x <—+—+|x" —(liminf x
Sk 1 1 n [ n
n—o 3 n—w
E & .. noe m
=—+—+ x,”’—(hmmfxn) S—+¢e+ xl'”—(x, +gk)
k n—>00 3 k k
_£+£+ m__ m+C1 mfl_i_CZ 2 Wl72+_”+cm m
- 3 3 xtk xtk mgkxtk mgkxtk m€k xtk
_ & & 1 m—1 2 2 _m=2 m _m
=3 + 3 +|Cex,  +C x4+ Clg
E & m!
S+ +H|C X"+ CX" T 4+ Cl g, | CF = ———<
m7y, m7, m | “k m ' '
3 3 n.(m—n).
g € _ _
§—+§+ X a +"'+1"W!5k

& & _ -
§§+§+‘M”’ M +---+1‘m!gk =&

= Ve >0,3N =max{N,,N,,N,} eN,s.¥n> N, <e

liminf x" - (liminf X, )

n—»0 n—x0

m
= liminf x” = (lim inf x, )

n—>0 n—>0

273m! [M™  M

+1



2.(1):

Ve>0,
by Theorem?2.5.1:
El{x;'k’ }keN { } X —limsup x”

El{xtk }k = {xn},s.t.EIN2 eN,Vk>N,,|x, —limsupx,

n—o

o {x, }is bounded(sup x, =M j

neN

by Bolzano-Weiestrass Theorem:
{xn } converges.

by Cauchy Convergence Criterion:

xn

&
<=
3

m
T

k>N, =s,,t,

m
30 3| Xy, T

&
<3

3
3N =max{N,,N,,N,},st¥n >N,

limsupx” — (lim supx, )

n—ow n—ow n—>x0 n—0

<|limsupx,’ —x;’

n—o0

n—o

m
£ . £ € .
S—+|x" =x"|+|x" —| limsupx <—+—+|x" —| limsupx
s, 1, 1 p n 1, p
3 ko - A 3 3 |* s
e € |\w (4 "l e . m
=—+—+|x" —| limsupx, | [S=+&+|x —(xt +6‘k)
3 3 | P 3 ;
=£ilix +C e x" " +Cglx" P+ 4+ Clel
_3 3 x gk gk 1 mgkxt‘
=§+ +|C‘gk T+ Coex 4+ Crg ’"|
m!
£:8 +| +Cox) 7 +C'"|gk Cl=——
3 n!(m—n)!
P _ _
$§+§+ X+ x 2+---+1|m!gk
& £
£3 |M’”1+M”’2+ +1|m'£k—£

=>Ve> 0,E|N=max{Nl,Nz,N3} eN,st.Vn> N,|limsupx
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2.(2):
Ve >0,
by Theorem2.5.1:

L iminf <€

X n—0 xn

Sk

El{x'” }keN c {x;”},s.t.ElN1 eN,Vk>N,,

Sk

x, —limsupx,

n—>0

El{xtk }k W C {)c”},s.t.EIN2 eN,Vk>N,,

2
<(infxn) 2
3

neN

"+ {x, }is bounded(x, > 0)

{i}is bounded(supi = M]
X, neN X,
1

infx,
neN

=M= >0

by Bolzano-Weiestrass Theorem:
{xn } converges.

by Cauchy Convergence Criterion:

1] ¢
AN, eN,stVm>n>N,,|———|<—
x, x,| 3
1| ¢
k>N,=s,,t, >N, ,thenNm>n>N,,|———|<—
x, x| 3
k k
AN =max{N,,N,,N,},st¥n>N,
NP B .1 1 1 1 1
liminf — - limsup x, | = |liminf — - —+——-—+—————
o X o oex, X, X, X, x, limsupx,
Hn—»0
11 1 1 1 1 limsupx, —x, limsupx, —x,
<liminf — ——|+|———+|————|< -+ -+ || <+ —+ | ——|=¢
oeox, x| o|x, x| |x, lmsupx,| 3 3 | x limsupx, | 3 3 1nr€1£ X, ilellg X,
n—o n—0

TP S
liminf — —limsupx, |<¢&
n—>0 xn

= Ve >0,3N =max{N,,N,,N,} eN,st.Vn>N,

n—x0

TN S
= liminf — =limsupx,
noe X, n—m

- {x, }is bounded(x, > 0)

X neN xn

{i}is bounded, inf L >0
1 o . 1
replace x, by — = liminf x, = limsup—
X
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3.(1)x l(x +2)

n+l

1 .
11m sup X, = 3 (llm supx, + 2) = limsupx, =1

n—x0 n—>®0

liminf x| :%(liminfxn + 2) = liminfx =1

n—>0 n—>0 n—>0

3.3)x% =\3.x, =333, =333, =333
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3 341 o

L =limsupx l—hmmfx L,1>3

no n’
n—»o

. . 1 1 1
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5.(1) proof 10 <x, < ¥, X, =%,V Vo = Ko+ Vn

2
+Y
_ <xn+yn_ Vo1 = "2 ”Syn
Xps1 TNXY, S 2 =Yun =
xn+1: xnyn 2

NZY, 22 Y,y 2
By Bolzano —Weierstrass Theorem :
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1 1
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