1.proof :

. T :
x2sintre| -2, 2= J1-x2 =1-sin?t = cost >0
2°2
arcsin x = arcsinsint =¢

sint
=arctan—— = arctantant =¢
1—x° cost

arctan

—> arcsin x = arctan

1—x?
xﬁtantte(—7z ”j: x _ ftant —sint
2 V1+x*  Al+tan’t

arctan x = arctantan¢ =1¢.

X
V1+ x?

—> arctan x = arcsin

arcsin = arcsinsinft =1.

x
V14 x?

2.pr00f:x,ye[0,1]

x2cosa,y2cos B, a,fe[0,r]=V1-x* =sina >0,4/1-)y* =sin >0

then arccos x —arccos y =a — f3

arccos(xy 1= \/l—y2 ) = arccos(cos cos B +sinasin J)

=arccoscos(a—fB)=la—f|

whenx<y=>a=p,a— >0

arccos x — arccos y :a—,B:|a—,B| :arccos(xy+\/1—x2 \/1—y2 )

whenx>y=>a< pf,a—[<0

arccosx —arccos y = — ff = —|a—,B| = —arccos(xy+\/l—x2 \/l—y2 )



3.proof :x,y e R

T
xZtana,y =tan B, a, f e(—z,zj,xy =tano tan B

- t —t

x—y tang-—tanp =tan(a-p)eR=>a-pfe(-7,7)- _f,f
l+xy l+tanatanf 2
= tanatan f = —1

then arctanx —arctany = —

x—
arctan 1 Y

= arctan tan (a -p )

{xy =tanotan B > —1
when

x>0
tanatan f+1>0 tan f > —cota
tana >0 tana >0
V4 T
tanf >tan| o —— >o—-—
B [ 2] B >

a T
=>—>a-p>-——

2 2
T
weloZ)a-Z[ 7 ae[o,fj

2 2 2 2

X—
—> arctan
1+

=4

Y _ arctan tan(a — ) = a — 8 = arctan x — arctan y.

xy =tanatan f > -1
swhen
x<0

{tanatanﬁ+l>0 {tanﬂ<fcota
= o

tana <0 tana <0
tanﬁ<tan[a+£] ,B<oz+z
2 V4 V4
= = >—>a-f>——
V4 V4 V4 4 2 2
ae|-——,0,a+—€|0,— ae|-—,0
2 2 2 2
r-y
:>arctanl =arctantan (& — 8) = & — = arctan x — arctan y.
+

xy =tanatan f < -1
swhen
x>0

{tanatanﬁ+l <0 {tanﬁ <—cota
=

tana > 0 tana >0
tanﬁ<tan[a—£) ﬂ<a—£
2 2 V4 T
= = s>z>a-p>—=>0>a-f-71>-——
T T Vs T 2
ae|0,—|,a-—¢€|-—=,0 ae|0,—
2 2 2 2
rx-y
=> arctan N =arctan tan( — 8) = arctan tan (o — f§ — )
xy

=0 — f—r =arctanx —arctan y — 7.
xX-y
+xy

= arctan x —arctan y = 7 + arctan

xy =tanatan f < -1
when
x<0

tanatan f+1<0 tan f > —cota
@{ B @{ B

tana <0 tana <0
T
tanﬁ>tan[a+—) ,8>a+£
2 2 T i
= = S>-——>a-p>r=>—>a-pf+7>0
T V3 V3 4 2 2
ae|-—,0|,a+—=¢€|0,= ae|l-—,0
2 2 2 2
x-y
= arctan | =arctantan(a — f+7)=a — B+ 7 = arctan x —arctan y.
+xp
Xy
= arctan x — arctan y = —7 + arctan .
+xy
X—
arctan—2-, when xy <-—1,

+ Xy

X
To sum up :arctan x —arctan y = 7z+arctan1 y,whenxy<—1/\x>0,
+

X
T+ arctan
1+

y,whenxy<—1/\x<0.



4.proof :
4k n (k+1)" = (k—1)°

arctan arctan
Z —2k* +2 ; 1+ (k+1) (k=1)

= i[arctan(k + 1)2 — arctan(k — 1)2}
k=1
2 2 T
= arctan(n + 1) + arctann —Z.
S.proof :
1

claim :inf S =l,supS =—.
3 2

Vm, eN,2m_ <2m_ +1<3m, —1<3m,.

VxeS,mmneN, x——>l=l
n 3m 3

Goal :Ve>0,3x, €S,x, <%+5.

let x, = —*—,
3m, -1
thus x, ——= s —lz !
3m,—1 3 3(3m,—1)
NTS:;<g,i.e.mg>L+3.
3(3m, —1) 9¢

by archimedes' principle :

dm, eN,st.m, >L+3.
9¢

=>Ve>0,3x,e8,x, <l+£.

Hence,inf S =

2wl

x:—S—:

l_ m, 1
2 2m +1 2(2m, +1)

NTS:;«ezem >— ! 1
2(2m5+1) 45 2

by archimedes' principle:

dm_eN,st.m, >L—l
e 2

1
=>Ve>0,3dx, €S,x, >5—€.

1
Hence,sup S = 5



6.Proof:
Existence:

Since cos0=1, cosz =—1.
Let Sz{xe(O,ﬂ):cosxSa},Tz{xe(O,ﬂ):cosx>a},a e(-11),
(1)NTS:S #D.

cos(ﬂ—S)Sa(:)cong—acl—%gz 2—ac>1+a2%52 < 0<e<2(1+a)

let £ =[2(1+a) >0:cos(ﬂ—«/2(1+a))Sa,(ﬁ—1/2(1+a))e(0,7z)
=(7-\2(1+a))es =522

NTS: T+
cosg>a<:1—%62Za@l—aZ%52©O<g£,/2(l—a)
let & =\[2(1-a) > 0=> cos2(1-a) > a,\[2(1-a) €(0,7)
=2(l1-a)eT=>T#3.
(2)SuT={xe(O,;r):cosxSavcosx>a}=(O,7z)

(3)vxeT,yeS,cosx>a=cosy,x,ye(0,7)=x<y.
Hence,(T,S)iS a Dedeking cut of (0,7[).
Jce(0,7),5¢Vxel,yeS,x<c<y.

Claim:cosc =a.

«If cosc <a,let h=min a—c.osc’z >0
l+sinc 4

cosc < cos(c—h)=cosccosh+sinesinh = (cosc+1)cosh —cosh+sinc¢sinh

<(cosc+1)—cosh+hsinc,(cosh>1—%h2,0<h<%)

<(cosc+1)—(1—%h2j+hsinc =<:0sc+%h2 +hsinc

<cosc+h+hsinc<a

c—h<c,c—heS=>3yelS,y<c.

Contradiction!

oIf cosc > a,let h =min L_a_,z >0.(1+cosc+sinc>0force(0,7r))
1+cosc+sinc 4

cosc > cos(c+h)=cosccosh—sincsinh =(cosc+l)cosh—cosh—sincsinh
>(cosc+1)(1—%h2j—cosh—hsinc > cosc+(cosc+1)[—%h2j—hsinc

: . cosc—a
>cosc—(cosc+sinc+1)h>cosc—(cosc+sinc+1) ———— =a.

1+cosc+sinc
cth>c,butc+heT=3xeT,cosx>c.

Contradiction!



Hence, cosx =a.

For x e [0,72’], ac [—1,1] ,the formula"cosx=a" has a root.
Uniqueness :

If cosx, =cosx, =a, x,,x, €[0,7],then x, = x,.

Hence:

For xe [0,7[] ,d E [—1,1] ,the formula"cos x = a" has only one root!

7.proof :
‘v’xeS,xZ%/E.
Goal:V&>0,3x, € S,st. x, <2+e

Lemma:Vx<y,x,yeR,AreQ,st.x<r<y.
by archimedes' principle
ElneN,s.t.n(y—x)>1:>ny>nx+l.

dmeZ,st.nx+1>m>nx

neN

m
> ny>nx+lzm>nx=>y>—>x
n

m
letr =—€Q.
n

Hence,Vx< y,x,ye R,Ire Q,st.x<r<y.

Obviously,fori/z<%/§+g, Q/E,Q/Ehe eR, Ir e@,s.t.i/z<r<i/§+g.

let x, =r

Hence,inf § = 2.



3 Proof:
LetSz{x:)c5 +3x£a}
NTS:S# .

5
Since(— Q/E‘) +3(—%‘)S(—‘a‘)£a,—%‘eS,thusS;t@.
Denote that c =sup S
NTS:c’+3c=a
5 )1 a-c =3¢
oIf ¢ +3c<a,let h=min<—, > 3 - ¢>0.
2 1+5¢+10c” +10c¢” + 5¢

then (c + h)5 + 3(c + h) = +3c+ I +5h'c+10k°c* +10h°C + Shet
< +3c+h+5hc+10he* +10he® +5he* =¢° +3c+(1+50—i—1002 +10¢° +SC4)/’I

—_— 5_
SCS+3C+(1+56’+1002+1003+SC4)° 4 02 303 T =a.
1+5¢+10c¢” +10c¢” + 5¢

=c+heS,c+h>c=c#supSs.

Contradiction!

5 J—
-]fcs+3c>a,lez‘h:min{l ¢ +ica }>O

2°1+10¢ +5¢*
then (c—h)5 +3(c—h) =c’ +3c—hW +5h'c—101°c* +10h*c = 5he?
>c’ +3c—h —10l°c* =5he* > ¢ +3¢c—h—10he? = 5he* =¢° +?>c—(1+1002 +504)h

5 —
2c5+3c—(1+1002+504)- ¢ +3ZC a4=a.
1+10c¢” +5¢

:>c—heES,c—h<c:>‘v’yeS,y5+3y£a<(c—h)5+3(c—h):>y<c—h

= ¢ — his an upper bound of S.
Contradiction!

—=3JceR,st.c’ +3c=a.
Uniqueness :

trivial!

Hence:

For xeR,aeR, the formula"x’ +3x =a" has only one root!



1V8>OEINGNN>L+lstVn>NneN —l‘z ! <&= lim—" =l.
4c 2 2n-1 2| [2(2n-1) 221 2
e=0.,N=4,6=0.01,N =26;6=0.001, N =251, =0.0001, N =2501.
2
2.(1)Vg>0,3NeN,N>[i—1J ,S.t.Vn>N,neN,|2\/;_l—g=‘ > ‘<8:11m2\/_ L2,
9% 3 3Wn+l 3 ‘3(3\/%1)‘ 230 +1 3
(2)v5>0,3NeN,N>i,s.t.Vn>N,neN,
£
an (1) 4] |(<)"-5n e8| | s+ | Ve _|Vnr2du] |3 |: o
‘ 5n—2 5‘55n2‘|5n2|‘5n2|‘5n2n|_| n| |Nn
A )R
i Sn—-2 5
(3)Ve>0,3NeN,N > max{S,S+log2 (%)},s.ﬁ#n >N,neN,
g
2<| 2" _|:| 1_|<g:>1im—n=0.
nl| |1-2-3.473 327 e gl
(4)V5 >0,ANeN,N >max{2,2+2log2 (lj},s.t.Vn >N,neN,
£
ot [t o
n! {n}‘ n! {n}un 2 2 2 ‘ 1 ‘ | 1 |
— = = l=—=< —| = | < —===1<| <g:11r2——0
n 2 |:;j|'nn n n[§j| n[;} ‘25} 2571 n—w p
(6)a él—1>0v5>03NeNN>i+3szvn>NneN
q a’s
(1+a)"=1+C,]la+anaz+---+C:a">C3a3=—n(n_lz(n_2)a3
2 2
) n 6 n 6 1 6 .o
"= —_— — " - 1 "=0.
‘nq (1+a)ﬂ a’ n(n 1)(n—2)<a3 n_3+2<a3 n— s
n

5.pr00f:|xn+1|ﬁ/1|xn|S---S

x[(0<A<1).
denote a=1—1>0.
A

(1+a)-|x1|'
(1+a)n

(I+a)" =1+C,a+Cya’ +---+C,a" > C,a=na

=|x,|<<

1+a)-|x1|

Ve>0,3NeN,N>( (1+a)-|x1|<(1+a)-|xl|<g

,s.t.Vn>N,neN,|xn|S -
&a (1+a) na

= limx, =0.

n—x0



6.llmx =a < Ve>0,IN eN,st.Vn>N,neN,|x, —a|<8.
(1) proof :
limx =a<Ve>0,AN eN,st.Vn>N,neN,|x, —a|< £

n—o0

X, —|a|: xn—a+a|—|a|ﬁ|xn—a|+|a|— a|:|xn—a|<g

|a — X, :|a—xn+xn —|xn|S|a—xn|+ x |—|x, =|a—xn|<8
:>Hxn —|a”<8:>}l1i_r>g|xn|:|a|.

(2) proof :

Suppose:a=>0,x, 20,n=1,2,---.

sif a=0,

limx, =a < Ve® >0,IN eN,s.t.Vn>N,neN,

n—>0

Ve>0,Vn>N,neN,

= lim/x, =0.

oif a>0,

limx =a=3INeN,stVn>N,neN,

n—>0

Ve>0,Vn>N,neN,

— X_a|
X —\/;‘:‘ X~ ‘< - <&
Mo el = P

= lim/x, =+/a.

n—>0

2
x,|<ée

X, —a|<x/;5(\/;g >O)




11.proof :

limjx |[=1]€ [0,1) &SVe>0,AN eN,stVn> N,neN,

n—»0

X, X, —l‘<g.

let & =%> 0,thusvn> N,ne N,

X, —Z‘<ﬂ
2

Ve>0,dN'e N,N'>max{log(mj g,N},

2

n 1-7Y 1 !

stNn>N,neN,x =“xn < (Z+—Zj = i) <Eé.
2 2

= limx’ =0.
12.proof :
without loss of generality: let a = 0(otherwise,replace x, by x, —a)
limx =0 Ve>0,INeN,stVn>N,neN,|x <§.
Ve>0,AN'eN,N'> max{2\/x1 2%+ Ny ,N},S.t.‘v’n >N',neN,x |<e.

&

X 42+ 4 Nxy + (N +1)xy, +-+nx,

xl+2x2+---+nxn|:

1+24--4+n 1+24--+n ‘

X%+ 2x, +-+- 4 Nx,, +(N+1)xN+1+---+nxn

1+2+--+n 1+2+-4n
|RH 2%+ 4 Ny +(N+l)+(N+2)+---+n-£

1+2+--+n 1+2+--+n 2
X +2x, +-+-+ Nx,, Jr(N+1—i—n)(n—N)-£

1+2++n (n+1)n 2
x4+ 2x, 4+ Nxy +(n+1)n—N2—N.£

1+2++n (n+1)n 2
<2-x1+2x2+---+NxN £<2‘xl+2x2+---+NxN flo,

n(n+1) n’ 2

X, +2x, +--+nx
= lim - 2 n =,
now 424+

X, +2x,+-+nx, _

ie.limx =a=lim a.

n—o n—o 142 +---+n
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V6>0,3N:[£}+16N,s.t.‘7n>N,neN, —%+L3 < %+L3 <|— 4 <g:>hm—i+ ! =0.
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lim————7——=—.
oo 2n” =3n+1 2
3Y 2\ (3Y . 2
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1.(3)lim - —=lim <= - .
5"+(-3) 1+(—3j 1+1im(—3j
n—m 5
3Y 3Y'
Ve >0,3N, = log3g +leN,stVn> N, ,neN, 3 <&=lim 3 =
2 n 2 n n
Ve >0,3N, {logzg}rleNstVn>N neN( 5) :‘(Ej <5311m(——j =0
3 n 3 n n
Ve>0,IN, = 10g38 +1eN,stVn>N,,neN, <1715 <g=lim|-=| =0
3"+ "
im> 2

e 50y (<3)

1(5)lim (Vn+1- n—l)—lgg\/m+\/_
1

| 2 | | |
leN,st.Vn>N, N, li 0.
gz}r € RLelyn >, ne |\/m+\/ﬁ|<|2 n|<g:n§2\/m+\/*
3lim(\/n+1—\/n—1):

()llmr(JnT \/_)—hmf ntl-n

—n 3 n—»o
1ln+1 +,/ n+1 +i/n? /1+ 3/1+ 1
/ 1 /
lim 3| 1+— +11m 1+ +1
n—o0 n n—o00

Ve >0,3N, :{l}+1 eN,stVn>N,neN,
£

v5>0,3N=[

2
l <e:1im3(1+lj =1.

n n—o0 n

2 2
; (1+1j 1= [1+1j3 <
n n
1
et o= [1+l}3 <
n n

11m3/ 1+ +11m /1+ +1

(1+lj—1‘:

n

(l+lj—l‘ 1 <g:>hm3/1+l=1
n n—o n

n

Ve >0,3N, ={l}+le N,stVn>N,,neN,
g

hm\/_(x/nT \/7

n—ow



5. (1) 55K 581 > 1_l=(1_lj2>1_L.

n n 2n
hm(l—z—j 1, FH P &3 0], ] hm‘/l—l—l.
sinn! 1
5.(2)0< <|l—=
(2) e
lim|—| = 0, FH 1 92350, 770 lim S = g
n%oo\/_ nLOO \/;
n 1 1 1 n 1
5.(5)1=——> + . N _
G) NN N N \/l+1
n
. 1 1 1 1 1
lim = =1, P IR, AT %0 : lim Fop——=1.
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no o n
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L :
2
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7max ak :\/ max ak <\/a1 +a,+--+a,

1<k<m 1<k<m

n
\/|:max i| [max j| +---+[max{ak}J
1<k<m 1<k<m 1<k<m

:\/ | max{a,} | =max{a,}4m

1<k<m 1<k<m
hmg{gx{ak}\/z Elkgx{ak} FH P 32 v, ]

hm\/ +ay +---+a), =max{a,}.

n—»oo 1<k<m

8.1EEU§:

x, >0,n=1,2, }

= max{xk} mm{xk} >0

limx, =a>0 k>1 k>l

n—0
o/max {x, } >4/x, > s/min{x, |
k=1 k=1

n = n = i
’111_r)2 rr;glx X} lll_r)g /r%n X, } = LRI IGIE N, m A hm\/7 1.

n—»0



