9.18 H R (7.)



7.(1)Proof:
Vx e (—A),x < sup(—A)
.{st >0,3x, €(—4),x, >sup(—4)-¢
V-xeAd,x< sup(—A)
{Vs >0,3-x, € A,x, >sup(-A4)—¢
Vxe d,x2 —sup(—A)
{Vg >0,3x, € A,x, <—sup(—4)+¢
By Proposition 1.2.2, —sup(—4) = inf 4.
Vx e (—A),x > inf(—A)
.{Vg >0,3x, €(—4),x, <inf(-4)+¢
V—-xe A,xZinf(—A)
{Vg >0,3-x, € 4,x, <inf(-4)+¢
Vx e A,x < —inf (-A4)
{Vg >0,3x, € A,x, >—inf(—4)+¢
By Proposition 1.2.2, —inf (—4) = sup 4.
(2)Proof:
|Vze(A+B),z<sup(A+B)
{Vg >0,3z, e(A+B),z, >sup(A+B)—¢
«If sup( A+ B)>sup A +supB,
let & =sup(A+B)—(supA+supB)>0
then 3z, € (A+B),z, > sup A+sup B,
z=x+y(xed,yeB),thus z, <sup A+supB.
Contradiction
«If sup( A4+ B) <sup A+supB,
(sup 4 +supB)—sup(4+B) g
2

let € = 0

thenAx_e€ A,x_ >sup 4 (supA ' SUPB)—Sup(A+B)
' o 2 ’

dy eB,y >SupB_(SupA+SupB)—sup(A+B)

s o 2 :

=3e>0,st.z, =x,+y, >sup(4+B).
z, €(A+B)=sup(A+B)=z, >sup(4+B).

Contradiction!

Hence, sup( A+ B) = sup A +sup B.



|Vze(A4+B),z>inf(4+B)
{Vg >0,3z, €(A+B),z, <inf(A+B)+¢
«If inf (A+ B) <inf A+inf B,
let £ = (inf A+inf B)—inf (4+B)>0
then3z, €(A+ B),z, <inf A+inf B
Z:x+y(xeA,yeB),thuSZZian+infB.
Contradiction!
«lf inf (A+ B) > inf A+inf B,
inf (A+ B)—(inf A+inf B)
2

>0

let ¢ =

inf (4 + B)—(inf A +inf B)
2

, inf(A+B)—(ian+infB)
dy.eB,y, <inf B- 5 .

= 3e>0,st.z, =x, +y, <inf(4+B).

z, €(A+B)=inf(A+B)>z, >inf(4+B).
Contradiction!

Hence, inf (A+ B) = inf A+inf B.

thendx, € A,x, <inf A -

b




(3):Proof:Since Vx e 4,y € B,x >0,y >0.
. {‘v’ze(AB),stup(AB)

Ve>0,3z, €(A4B),z, >sup(A4B)—¢
«lf sup(AB)>sup 4-sup B,
let & =sup(AB)—sup A-supB>0
then 3z, € (AB),z, >sup A-sup B,
z=x-y(xeAd,yeB),thus z, <sup A-sup B.
Contradiction!
«If sup(AB) <sup A-sup B,
sup 4 -sup B —sup( 4B)

sup A+sup B

let ¢ = > ()

sup A -sup B —sup( 4B)
sup A+sup B

sup A -sup B—sup( 4B)

sup A+sup B '

then 3x_e A,x, >sup A —

9

dy, €B,y, >supB—

= de>0,s.1.

z =x.-y. >|supA-—
e =Y P sup A+sup B

[ sup A-sup B—sup(4B) ’
AB AB
>sup( )+ sup A+sup B } >SuP( )

z, €(AB)= sup(A4B)=>z, >sup(4B).
Contradiction!

Hence, sup( AB)=sup A-sup B.

sup 4 -sup B —sup(AB)

sup A-sup B — sup(AB)} . {supB

sup A+sup B

|



| Vze (AB),Z > inf(AB)

{Vg >0,3z, €(A4B),z, <inf (A4B)+¢
«If inf (AB) <inf 4-inf B,
letg:ian-infB—inf(AB)>O
then 3z_ e (AB),zg <inf 4-inf B,
z:x-y(xeA,yeB),thus z, 21inf 4-inf B.
Contradiction!

-Ifinf(AB) >inf A -inf B,
inf (A4B)—inf A-inf B -0
inf A+inf B

let £ =

inf (A4B)—inf 4-inf B
inf A+inf B

inf (AB)—inf A-inf B

inf A+inf B '

then 3x, € A,x, <inf A+

b

dy, € B,y, <inf B+

= de>0,s.t.

, inf (AB)—inf A-inf B
z,=x,y,>inf A+ : -
inf A+1inf B

inf (AB)—inf A-inf B
inf A+inf B

z, €(AB)=inf (AB)>z, > inf (AB).

Contradiction!

Hence, inf (AB) =inf 4-inf B.

>inf(AB)+{ T > inf (A4B)

-l inf B

+

inf(AB)—ian-infB

inf A+inf B



(4): Proof by contradiction:
Assume that sup 4 >sup B(A4 < B)
then {‘v’x e A,x<sup4
Ve>0,dx, e A,x, >supA—¢
Let e =supA—supB >0
dx, € Ac B,x, >sup A—(supA—supB)=supB
Contradiction!
Hence,sup A <sup B.
Assume that inf 4 <inf B(A4 < B)
. en{VxeA,xZian |
Ve>0,dx, e 4,x, <t A+¢
Lete=inf B—inf A >0
Ax, € A < B,x, <inf A+ (inf B—inf 4)=inf B
Contradiction!
Hence,inf A >inf B.



9.21 #or ek
3 .Proof:
LetSz{x:x3+ax£b},T={x:x3+ax>b}

Since (—\%\)3 +a(=b|) < (~|pl) <5, - V| e S, thus 5 = 2.
Since (‘%/Z‘H)B + a(‘%/g‘ﬂ) > (‘%/3‘)3 + a‘%/g‘ > b,(

SuT={x:x3+axeR}:R,

%/B‘—Fl)éT,thUST?f@.

VxeS,yeTl,x’ +ax<b<y’ +ay=x<y.
Hence,(S,T)is a Dedeking cut of R.

There exists onlyoneceR,st.VxeS,yeT,x<c<y.

J— 3_
If ¢’ +ac<b,let h=min l, b=c ?C > 0.
2 14+3c+3c" +a

then (c+h)3 +a(c+h)=03+ac+3hzc+3hcz+h3+ah
<c3+ac+3hc+3h02+h+ah=c3+ac+(3c+302+1+a)h

b-c’—ac
> =b.
1+3c+3¢c" +a

:VxeS,yeT,xSc<c+h<y:>(c+h)eSuT:>SuT¢R.

Sc3+ac+(3c+3cz+1+a)-

Contradiction!

Hence, ¢® +ac>b.

3 p—
Jf & tac> bylet h=mini~, S 970 g
2 1+3c" +a

then (c—h)3+a(c—h)=c3 +ac+3h*c—3hc* =W —ah
>c3+ac—3hcz—h—ah>c3+ac+(—3cz—1—a)h

-c3+ac—b_
1+3c*+a
=>VxeS,yel,x<c—h<c<y=(c—h)gSUT=SUT =R

2c3+ac+(—3c2—l—a)

Contradiction!
Hence, > +ac < b,

=> There exists only onec € R, sit.c’ +ac=b.



4.Proof:

Vx e A, x <sup A.

Ve>0,3x, € A,st.x, >supA—e.

Vye{ax :xeA},ySsup{ax :xeA}.

Ve>0,3y, e{a’“ :xeA},s.z‘.yg >sup{ax :xeA}—g.

oIf sup{ax :xeA} <a™,let £ =sup A—log, (sup{ax :xeA})>0

then X, = A’ axg > asupA_g _ aloga(sup{a)‘:xeA})

:sup{ax X E A} >a*.

Contradiction!

If sup{ax X €E A} >a™ let & = sup{ax IXE A} —a™" >0

then y, € {ax X E A},loga v, €A, y > sup{ax X €E A} —g=a"">d"" =y
Contradiction!

sup 4

Hence, sup{ax X €E A} =a



6.(2)Proof:
Existence:

Since cos0=1, cosz =—1.
LetS:{xe(O,ﬁ):cosxSa},ae(—l,l),
NTS:S #O.

cos(ﬁ—g)éaacosgz—acl—%gz2—a<:>1+a2%gz©O<g£,/2(l+a)
let € = 2(1+a)>0:>cos(7r— 2(1+a))£a,(7r— 2(1+a))e(0,7z)

=(7-\2(1+a)|es =522

And x e (0,7[), thus there exists inf S e (O,7z).
«NTS :inf S € (0, 7)
Assume that :inf S =0 = cosinf S =1.
let & :min{M,z} >0,cosa<cos(a—¢&)<infS,a—¢ee(0,7)
l+sina 4
cos(a—¢)<1,a—eisalower bound of S= 0 is not the infimum of S.
Contradiction!
Hence,inf S € (0,72')
Denote that x =inf S € (O, 72')
Claim:cosx =a.
oIf cosx<a,let h= min{—a —cF)sx ,Z} >0
l+sinx 4

cos x < cos(x — /) = cos x cosh+sin xsinh = (cos x +1)cosh — cosh +sin xsinh

<(cosx+1)—cosh+hsinx,(cosh >1—%h2,0<h <%)

<(cosx+1)—(1—%h2j+hsinx:cosx+%h2 + hsin x

<cosx+h+hsinx<a
x—h<x,x—heS = x#cosinf S.
Contradiction!

cosx—a T

If cosx>a,leth:min{ , ,—}>0.(1+cosx+sinx>0forxe(O,;r))
l+cosx+sinx 4

cosx >cos(x+h)=cosxcosh—sinxsinh =(cosx+1)cosh—cosh —sinxsinh
>(cosx+1)(1—%h2j—cosh—hsinx>cosx+(cosx+1)(—%h2j—hsinx

. . cosx—a
> cosx—(cosx+sinx+1)Ah>cosx—(cosx+sinx+1)- =a.

l1+cosx+sinx

X+h>x,but x+hgS = x=inf §S.

Contradiction!



Hence, cosx = a.

For x e [0,71'], ae [—1,1], the formula"cosx =a" has a root.
Uniqueness :

If cosx, =cosx, =a,x,x, €[0,7],then x, = x,.

Hence:

For x e [0,71'], ae [—1,1], the formula"cosx = a" has only one root!



6.(3)Proof:

Existence:

LetS=<xe _ﬁ,f tanx<ap,aeR,
22

-NTS(need to show) S+D.

oS & COS &
<a=

T c
Let tan(—;hts}<a(€—>0+):>—cot£<a:>—

. . _a
sine sine
1
1 cos¢g 1-2&
we know that :cose >1——&>,sing < g = ¢ > 2
2 sing &
1
1—-—&?
2

1 1
need to show: >—a,i.e.1—552 >—a£<:>1+a5>582

2
1 2 a2 3 | e
Zetg—2(1+|a|)>O,thus1+ae>1+f12(1+|a|)21 |a|2(1+|a|)>2>2{2(1+|a|)} 2"

V4 1 V4 1
:>tan[—5+2(T|a|)]<a:>—E+meS:>S¢@.

+NTS :supS e (—E,EJ.
2°2

Assume thatsup S = %

tana < tan(a +/)<tan(supS —¢&), h = min £| tan(sup§ — )~ tana |,£,
4‘1+tan(supS—g)tana| 4

7
—-—a

2

}>o.

tana < tan(a + )< tan(sup S —&),tan(a + k) is a upper bound of S :% is not the supremum of S.

Denote that x =sup S.
Claim :tanx =a.

4 Vd
Lemma:x <tanx < —x[O <x< Zj,the proof is trivial.
T

Stepl: If tanx < a,
t tanh

we know that : tan (x + h) =M(h >0)
l-tanxtanh

tanx+tanh (a—tanx)—atanxtanh—tanh

a—tan(x+h)=a =
l—tanxtanh l—tanxtanh

(a—tanx)tanxtanh —atanxtanh —tanh

=(a—tanx)+
l-tanxtanh

(tan2 X+ l)tanh

= —t —
(a anx) l-tanxtanh



. |mla—-tanx | © |7
Let h=min{ —|——|,—,|——x|; > 0.
4|1+atanx| 4 |2
4 4 | |\m|la—tanx | 7 |7 . a—tanx 4\
O<tanh<—h=—min{ —|——|,—,|— — x| = min{ |—|,1,—|——x
V4 V4 4|1+atanx| 4 |2 l+atanx| 7|2
) V4
Smce|tanxtanh|£ tanxtan|——x :l,tan(x+h)e(tanx,+oo)

= |tanxtanh|<1, I-tanxtanh > 0.

(tan2 X+ 1)tanh (a—tanx)(l1-tanxtanh) —(tam2 X+ 1)tanh
(a—tanx)— =
l—tanxtanh l—tanxtanh

_ (a—tanx)—(1+atanx)tanh . (a—tanx)—|1+atanx|tanh

l—tanxtanh B l—tanxtanh

(a—tanx)—|1+atanx| a-tanx

l+atanx|

>
l—tanxtanh

3h>0,s.t.tanx <tan(x+h)<a

x+h>0,x+heS=x#sups.

Contradiction!



Step2 : If tanx > a,

tan x —tanh

we know that:tan(x—h)z (h >O)

l+tanxtanh
tan x —tanh (tanx—a)—atanxtanh—tanh
_ =

tan(x—h)—a—
1+ tanxtanh 1+ tanxtanh
—(tanx—a)tanxtanh—atanxtanh—tanh
=(tanx—a)+
l+tanxtanh
(tan2x+1)tanh
=(tanx—a — )
l+tanxtanh
. || tanx— T\
Let h=mind Z|228X 74 % 1% LS o,
4|11+atanx| 4 |2
4 4 | |\x|tanx—al| & |7 ) tanx —a
O<tanh<—h=—min{ —|——|,—,|— — x| = min< |——
T T 411+atanx| 4 |2 l+atanx
) T
Since ‘tanxtanh‘s tan x tan | — — x| =1, tan (x + /) € (tan x, +o0)

:‘tanxtanh‘ <1l,1+tanxtanh > 0.

(tan2 X+ l)tanh (tanx—a)(1+tanxtanh) —(tan2 X+ l)tanh

(tanx—a)— =
l+tanxtanh l+tanxtanh

(tanx—a)—(1+atanx)tanh . (tanx—a)—|l+atanx|tanh

1+ tan xtanh B 1+tan xtanh

(tanx—a)—|1+atanx| fanx—a

l+atanx

2 =0

l+tanxtanh
To sumup:3h>0,st.tanx > tan(x—h)>a

x—h<x,butx—h65S,VyeS,tany£a<tan(x—h):>y<x—h
= x — h is an upper bound of S.

Contradiction!
Hence,tan x = a.

T T
For x e (_E’Ej’ a € R, the formula"tan x = a" has a root.

Uniqueness :
If tanx, =tanx, = a, x,,x, €[0,7],then x, = x,.

Hence:

T T
For x e (_E’Ej’ a € R, the formula"tan x = a" has only one root!

}



X —X X

8.Proof: sinh x = & ,coshx = re
2
X —X 2 X -X 2 2x —2x 2x —2x
(l)coshzx—sinhzx: e +e e —e _e +te +2_e +e 2:1'
2 2 4 4
2x _ —2x X X X X
(Z)Sinh 2x —2sinh xcoshx =< 26 _¢ 2e £ —;e = (0 = sinh 2x = 2sinh xcosh x.
2x + -2x x —Xx 2 X + —X 2
(3)cosh 2x—sinh®x—cosh?x=5—"¢ _| & ~¢ _|ere
2 2 2
ezx + e_zx e’ + e_zx +2 ezx +e -2

— 2 =(0 = cosh2x =sinh? x + cosh” x

(4)smh X+ y (smhxcoshy + cosh xsinh y)

) Yer+e? ef+e el —e”
= +
2 2
~(x+y) e 4 ex Y _e ~(x+) e e o = e*(”y)
= + =0.
4

= s1nh(x+y = sinh xcosh y + cosh xsinh y.

sinh(x — y) —(sinh xcosh y — cosh xsinh y)
e —e ) _(e" —e"e’+e”? ef+et e —ey)
2

2 2 2 2

ex*y _ e*(x*y) ex+y _ eyfx + exfy _ e*(x+y) ex+y + eyix _ ex,y —ei(Xer) ~ O
2 .

4 4

= sinh(x — y) =sinh xcosh y —cosh xsinh y.

. el’l){ + e—nx enx _ e—nx
cosh nx —sinh nx = 5 - 5 =e

= (coshx —sinhx)" = cosh nx —sinh nx.

—nx

Hence, (cosh x +sinhx)" = cosh nx £ sinh nx.



(5)cosh(x+ y)—(coshxcosh y +sinhxsinh y)

e+ e ) (et e ey N et —e el —e”
2 2 2 2 2
e+ e ) (e L er T 4ot 4 o ) N e —e T — e o ) 0

= cosh(x + y) = cosh xcosh y + sinh xsinh y.

cosh(x — y) — (coshxcoshy —sinh xsinh y)

e+ et (et e ve? —et e —e
2 2 2 2 2

3 e’ + e_(x_y) ex"')’ +e e+ e—(x*'J’) ex+y _e T —e" 7 4 e—(x+y) 0
2 4 4 .

— cosh(x — y) = cosh xcosh y —sinh xsinh y.

(6)(coshx +sinh x)n = (ex +2€_x + e ;e"‘j =e"

el’l.X + e—l’l.X enx _ e—l’l.X
cosh nx + sinh nx = 5 + 5 =e™

= (coshx +sinh x)" = cosh nx + sinh 7x.

(coshx—sinhx)nz[e J;e _¢ _2e ] —e™




Alternative proof of Definition1.3.1(by Dedeking cut):

Definition1.3.1:Va >0,Vn e N,n > 2,the formula"x" = a"has only one positive root.
Lemma:0<b <cimplies b" —c" <(b—c)nb"" (trivial)

LetS:{x>0:x” Sa},T:{x>O:x" >a}.

Claim :(S,T )is a Dedeking cut of R".

a e(0,1),x" <x= <a=n-4 5850
l+a l+a l+a

let x=a+1e(l+0),x">x=a+1>a=a+1eT=>T+J

(2)SuT={x>O:x”Savx">a}:{x>0:x"eR}:R+.

(1)let x =

(3)VxeS,yeT,0<x"Sa<y":>0<x<y
Hence,(S,T)is a Dedeking cut of R”.

then there exists ce R ,st.Vxe S,yeT,x<c<y.
we need to show:c" =a

If ¢" <a,chooseh e (0,1), which satisfies h < a-c —
n(c+1)

n

By lemma, (c+h)" —c" <hn(c+ h)n_l <a-c

:>c"<(c+h)n<a:>c+heS,butc+h§ET:>VxeS,yeT,xSc<c+hSy
:>VxeS,yeT,x<c+§<y(c+§>c>0j:>SuT¢R*.

Contradiction!

n

c —a

_l 9
nc"

Claim:Vye S,y<c-e.

If " >a,let €= O<e<ux,

Otherwise ,dy € S,s.t.y > c—¢,

thus c" —y" <c" —(c—e)n <enc"' =c"—a
=>y'>a=>yeS.

Contradiction!

Hence,NyeS,y<c—¢
=>VxeS,yel,x<c—-¢<c<y

:>VxeS,yeT,x<c—§<y:>SuT¢R+.

Contradiction!
Hence, c" =a.
By exercise 1.2#5,we know that c is unique.

To sumup, forVa > 0,Vn e N,n>2,the formula"x" = a"has only one positive root!



Alternative proof of Theorem1.3.5 (by Dedeking cut) :
Theorem1.3.5:Va > 0,a #1,Vb > 0,the formula"a* =b"has only one real root.
LetS:{xeR:a"Sb},T:{xeR:ax >b}.

Stepl : When a > 1,

Lemma:Va>1,VneN,n>2 a< Ln_l(trivial)
n

Claim :(S,T)is a Dedeking cut of R.

(I)According to Archimedes principle :
“AneZ,st.n(a+1)>b" -1

thena" >na+n-1>b"'=a"<b=>-neS=S=J.
“AmeZ,st.m(a+1)>b-1

thena” >ma+m—-1>b=>meT =T #J.
(2)SUT:{xeR:ax£bvax>b}:{xeR:axeR}:R
(3)VxeS,yeT,0<a*<b<a’=x<y

Hence,(S,T)is a Dedeking cut of R.

then there exists ce R",stVxe S,yeT,x<c<y.

we need to show:a‘ =b

1 1
note that a >1=a” >1:>a>n[a" —1j+1.

a‘b-1

oIf a“ <b,then a“b>1,thus IneN,n>2,st.n>

n(a”b—l)>a—1>n[a’l’—lj

1
cH+— 1
=a "<b=>ct+t—eS=>IxeS,x>c.
n

Contradiction!

abt-1

If a° > b,then a‘b™' >1,thus 3IneN,n>2,st.n>

n(a”lf1 —1) >a-1 >n(a’l’ —IJ

1

c——

1
=>a ">b=>c——eT=3IxeT,x<c.
n

Contradiction!

Hence, a“ = b.



Step2 :When 0 < a <1,

a"+n-1
—(

Lemma:Va'>1L,VneN,n>2,a"'< trivial)

n
Claim : (T,S)is a Dedeking cut of R.
(I)According to Archimedes principle :
dneZ,s.t. n(cf1 +1) >h' -1
thena" >na' +n—-1>b"' =a"<b=>neS=S=J.
-EImeZ,s.t.m(a71+1)>b—l
thena™ >ma” +m—1>b=-meT =T+ Q.
(Z)SUT:{xeR:axsbvax>b}={xeR:axeR}:R.
(3)VxeT,yeS,O<aySb<ax:>x<y
Hence,(T , S )is a Dedeking cut of R.
then there exists ce R,st.NxeT,ye S,x<c<y.

we need to show:a“ =b
s s
notethata™ >1=a">1=a”' >n(a n—1(+1.

a'l-1
a‘b-1

oIf a° <b,then a“b>1,thus Ine N,n>2,st.n>

n(a"b—l)>al—l>n( ’l'—lj

1

c——

1
=>a "<b=>c-—eS=>Jyel,y<ec
n

Contradiction!
-1
a -1

ab' -1

If a“ >b,then a’b™ > 1, thus Ine N,n>2,st.n>

n(a"bf1 —1) >a'—1 >n[ 7% —lj

1
e —

1
=>a ">b=>c+—eT=3Axel,x>c.
n

Contradiction!
Hence, a“ =b.
By exercise 1.2#5,we know that c is unique.

To sum up, forVa > 0,a #1,Vb > 0,the formula"a" =b"has only one real root!






