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9. Let K be 2 complex in R". Show that | K] is 2 subspace of R" if and only if each
point x of |K| lies in an open set of R" that intersects only finitely many sim-
plices of K. Generalize to E.

Proof:

(<) : |K]| is a subset of RY. And in general, the topology of | K| is finer than the
subspace topology inherited from RY, which means some closed sets in the first
topology may fail to be closed in the second.

But if K is finite, the topologies will be the same, because for any closed set
A € |K| under the first topology, A N o is closed in o for each o € K, thus is

closed in RY. Hence, A = U (AN o), the union of closed set may not be closed,
cecK

but the union is finite, so A is closed in RY,

(=) : Prove by contradiction. Suppose that there exists one point z in | K| such
that any open set U in RY containing z intersects infinitely many simplices of K.
Let U = By(x), the open ball in RY centered at z with radius 1. Pick

z1 € 01N By(x) \ {z}, where o; is a simplices that intersects Bi(z). Then let

U = Bs(z), pick 2 € 02N By5(z) \ {z}, where o3 is a simplices different from
o1 that intersects By 5(z)... For U = By, (), there always exists a simplices oy,
different from oy,...,0,_1 since U intersects with infinitely many simplices of
K,and let x, € 0, Byp(x) \ {z}. Therefore we have a sequence

L1, L2y ..., Ly, --.. The set {x, : n € N>1} is closed under the topology of |K]|,
but not closed under the subspace topology inherited from R” since the limit
point z is not contained in the seft.




10. Show that the collection of all simplices in R of the form [1/(n + 1), 1/n] for n
a positive integer, along with their vertices, is 2 complex whose polytope is the
subspace (0,1] of R.

Proof:

1 1
It's obvious that the collection of all simplices in R of the form [n 1 ;]

for n € N4 is a simplicial complex, denoted by K, and |K| = (0, 1].

Apply the conclusion in exercise 9 to this question. We know that Vz € |K
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|K| = (0,1] is a subspace of RY.
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2. Consider the complex M pictured in Figure 5.7; it is the union of three triangles
and a line segment. Compute the homology groups H,(M) and H,(M).

3. A 1-dimensional complex is called a tree if its 1-dimensional homology van-
ishes. Is either of the complexes pictured in Figure 5.8 a tree?

4. Let K be the complex consisting of the proper faces of a 3-simplex. Compute
H,(K) and H,(K).

2 We know that M ~ S!, so H\(M) ~ H(S') = Z, Hy(M) ~ H(S') = 0.



3 We know that K; ~ {z}, K; ~ S*, so Hi(K;) ~ 0, H;(K>) ~ Z. Hence K is a
tree, while K5 is not.

4 We know that K ~ S?, so Hi(K) ~ 0, Hy(K) ~ Z.

Z Note
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Z\(K) = Z(e1 + e5 + e4) + Z(ea — e3 — e5) + Z(e3 + e — eq) + Z(e1 + ez + eg), B1(K
, = Hi(K) = Z1(K)/Bi(K) = 0.

Zy(K) = Z([v1, v, v3], [V3, 2, V4], [V2, V1, V4], [V1, V3, v4]). T Zo(K) = By(K) 53
Hy(K) =0, Miz2H&8HET.



